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Abstract A Uniformly Resolvable Design (URD) is a resolvable design in which each
parallel class contains blocks of only one block size k, such a class is denoted k -pc and for a
given k the number of k -pcs is denoted 7. In this paper we consider the case of block sizes
3 and 4. The cases r3 = 1 and r4 = 1 correspond to Resolvable Group Divisible Designs
(RGDD). We prove that if a 4-RGDD of type 2" exists then all admissible {3, 4}-URDs with
12hu points exist. In particular, this gives existence for URD with v = 0 (mod 48) points.
We also investigate the case of URDs with a fixed number of k -pc. In particular, we show
that URDs with r3 = 4 exist, and that those with r3 = 7, 10 exist, with 11 and 12 possible
exceptions respectively, this covers all cases with 1 < r3 < 10. Furthermore, we prove that
URDs with r4 = 7 exist and that those with r4 = 9 exist, except when v = 12, 24 and
possibly when v = 276. In addition, we prove that there exist 4-RGDDs of types 2 142, 2 346
and 6 >*. Finally, we provide four {3,5}-URDs with 105 points.
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1 Introduction

Let v and A be positive integers, let K and M be two sets of positive integers. A group divis-
ible design, denoted GDD, (K, M; v), is a triple (X, G, B), where X is a set with v elements
(called points), G is a set of subsets (called groups) of X, G partitions X, and B is a set of
subsets (called blocks) of X such that

1. |B| € K for each B € B,

2. |G| € M foreach G € G,

3. |IBNG| < 1foreach B € Bandeach G € G,

4. Each pair of elements of X from distinct groups is contained in exactly A blocks.

The notation is similar to [3,4]. If A = 1, the index A is omitted. If K = {k}, respec-
tively M = {m]}, then the GDD, (K, M; v) is simply denoted GDD,, (k, M; v) respectively
GDD;, (K, m; v), which is also specified in “exponential” form as K-G D D;, of type m"/™.
A GDD, (K, 1;v) is called a pairwise balanced design and denoted PBD, (K; v).

Theorem 1.1 ([18,23]) There exists a 4-GDD of type g*m! with m > 0 if, and only if
g=m=0(mod 3)and0 <m < 3g/2.

Theorem 1.2 ([1,15,23]) There exists a 5-GDD of type g2m! withm > 0if g = m =
0 (mod 4) and 0 < m < 4g/3, with the possible exceptions of (g, m) = (12, 4) and
(12, 8).

A transversal design TD, (k, g), is equivalent to a GDD, (k, g; kg). That means, each
block in a TD, (k, g) contains a point from each group. If A = 1, the index X is omitted.

Theorem 1.3 ([2]) A TD(k, g) exists in the following cases:

1. k=6andg>5and g ¢ {6, 10, 14, 18, 22};
2. k=T7andg >7and g ¢ {10, 14, 15, 18, 20, 22, 26, 30, 34, 38, 46, 60}.

Ina GDD, (K, M; v) with (X, G, B), a parallel class is a set of blocks, which partitions X.
If B can be partitioned into parallel classes, then the GDD, (K, M; v) is said to be resolv-
able and denoted RGDD, (K, M; v). Analogously, a resolvable PBD; (K; v) is denoted
RPBD;, (K; v). A parallel class is said to be uniform if it contains blocks of only one size k (k-
pe). If all parallel classes of an RPBD; (K'; v) are uniform, the design is said to be uniformly
resolvable. Here, a uniformly resolvable design RPBD; (K; v) is denoted URD, (K; v).
If » = 1, the index A is omitted. In a URD, (K; v) the number of resolution classes with
blocks of size k is denoted r¢, k € K. Uniformly resolvable designs with block sizes 3 and
4 mean here URD({3, 4}; v) withrz > O and r4 > 0.
The following theorem about RGDDs will be applied later.

Theorem 1.4 ([4,10-14,17,24,28,30,31]) The necessary conditions for the existence of an
k -RGDD of type h",RGDD(k, h; hn), namely, n > k, hn = 0 (mod k) and h(n — 1) =
0 (mod k — 1), are also sufficient for

k=2;

k = 3, except for (h, n) € {(2,3), (2,6), (6, 3)}; and for

k = 4, except for (h,n) € {(2,4), (2,10), (3,4), (6,4)} and possibly excepting:
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1. h=2, 10(mod 12):
h=2 and ne{34, 46, 52,70, 82,94, 100, 118, 130, 142, 178, 184, 202, 214, 238, 250,
334, 346};
h=10andn € {4, 34,52, 94};
h € [14,454]1 U {478, 502, 514, 526, 614, 626, 686} and n < {10, 70, 82}.
2. h=6(modl12): h=6andn € {6,54,68}; h = 18 and n € {18, 38, 62}.
3. h=9(mod12): h =9andn =44.
4, h=0(modl12): h=36andn € {11, 14, 15, 18, 23}.

A resolvable transversal design RTD, (k, g), is equivalent to an RGDD,, (k, g; kg). That
means, each block in an RTD; (k, g) contains a point from each group. A K -frame is a GDD
(X, G, B) withindex unity, in which the collection of blocks B can be partitioned into holey
parallel classes each of which partitions X\ G for some G € G. We use the usual exponential
notation for the types of GDDs and frames. Thus, a GDD or a frame of type 1'2/... is one
in which there are i groups of size 1, j groups of size 2, and so on. A K -frame is called
uniform if each partial parallel class is of only one block size. It is called completely uniform
if for each hole G the resolution classes which partitions X\ G are all of one block size. We
use mostly K = (3, 4}. A {3, 4} — frame of type (g; 3"14"2)*(m; 3"34"4)! has u groups of
size g. Each group of size g has n1 holey pcs of block size 3 and n, holey pcs of block size
4. The only group of size m has n3 holey pcs of block size 3 and n4 holey pcs of block size 4.

Theorem 1.5 ([24]) For k = 2 and k = 3 there exists a k -frame of type h" if, and only if,
u>k+1,h=0(@mod k—1),andh - (u — 1) = 0(mod k).

Theorem 1.6 ([9,14,16,17,20,24,32]) There exists a 4-frame of type h* if, and only if, u > 5,
h =0 (mod 3)and h - (u — 1) = 0 (mod 4), except possibly where

1. h=36andu = 12;
2. h =6 (mod 12):
h=6andu € {7,23,27, 35,39, 47},
h =18 and u € {15,23,27};
h € {30} U [66,2190] and u € {7,23,27, 39, 47},
h € {42,54} U [2202, 11238] and u € {23, 27}.

Later on some incomplete group divisible designs are applied. An incomplete group divisi-
ble design (IGDD) with block sizes from a set K and index unity is a quadruple (X, G, H, B),
which satisfies the following properties:

1. G={Gy, G, ..., G,}is apartition of the set X of points into subsets called groups,

2. His asubset of X called the hole,

3. Bis acollection of subsets of X with cardinalities from K, called blocks, so that a group
and a block contain at most one common point,

4. every pair of points from distinct groups is either in H or occurs in a unique block but
not both.

This design is denoted by IGDD(K, M; v) of type T, where M = {|G1|, |G2|, ..., |G|}
and T is the multiset {(|G;|, |G; N H|) : 1 <i < n}. Sometimes “exponential” notation is
used to describe the type. An IGDD(K, M; v) of type T is said to be uniformly resolvable
and denoted by IUGDD(K, M; v) of type T if blocks can be partitioned into uniform par-
allel classes and partial uniform parallel classes, the latter partitioning X \ H. The numbers
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of uniform parallel classes, partial uniform parallel classes with blocks of size k are denoted
by ry, ry , respectively. If |G;| = 1 for 1 < i < n, then the IUGDD is denoted incomplete
uniformly resolvable design TURD(K; v) with a hole H.

Some known results about URDs are summarized below. Rees [21] introduced URDs and
showed:

Theorem 1.7 ([21]) There exists a URD({2, 3}; v) with ra, r3 > 0 if, and only if,

1. v =0(mod 6);
2. r2:v—1—2r3 (r3:77j_12_r2);
3. 1<r3< % —1;

with the two exceptions (v, r3) = (6,2), (12,5).

Recently, almost all URDs with K = {2, 4} were constructed in [7] which we improve
slightly as follows:

Theorem 1.8 There exists a URD({2, 4}; v) with rp, ra > 0 if, and only if,

1. v=0(mod 4);
2. }’2:‘1.)—1—37'4 (r4:7v—]3—r2);

with two exceptions (v, ry) = (8, 1), (20, 1) and possibly excepting:

(v, ) = (2n, 1), ne {52,100, 184};

(v, m)=02n, r), ne{34,46,70,82,94, 118, 130, 178, 202, 214, 238, 250, 334}, r,
admissible;

(w,rn) = (12n,2), n € N = {2,7,9,10,11,13,14,17, 19,22, 31, 34, 38, 43, 46,
47, 82}.

Proof Because each 4-pc can be replaced by three 2-pcs, only URDs with minimal r, are
needed. In each {2, 4} - URD there is v = 0, 4 or 8 (mod 12) as the number of points.

For v = 4 (mod12) there exists an RPBD(4; v) by [19] or Theorem 1.4. That means
that the minimal r; is zero.

Forv = 8 (mod 12) there exists a4 -RGDD of type 2*/% by Theorem 1.4, possibly except-
ing the above values. The 4-RGDDs of types 2142 and 234 are given in Theorem 10.1 and 10.2.
We only have to show that a URD({2, 4}; v) with r, = 4 exists for v € {104, 200, 368}.
There exists a 4 -RGDD of type 8*+! by Theorem 1.4. By filling all groups with a 2 -RGDD
of type 42, which exists by Theorem 1.4, we obtain a URD({2, 4}; 24i + 8) withr, = 4
and the desired designs for i € {4, 8, 15}.

For v = 0 (mod 12) in [7] it is shown that a URD({2, 4}; v) with r, = 2 exists, possibly
excepting the values from N. There exists a 4 -RGDD of type 6% fori € {N — {2, 34}}
by Theorem 1.4. By filling all groups with a RPBD(2; 6), which exists by Theorem 1.4,
we obtain a URD({2, 4}; 12i) withr, = Sfori € {N — {2, 34}}. AURD({2, 4}; 24)
with 7, = 5 is contained in the Online Resource. There exists a 4 -RGDD of type 24!7
by Theorem 1.4. By filling all groups with URD({2, 4}; 24) with r, = 5, we obtain a
URD({2, 4}; 12-34) withrp, = 5. O

Theorem 1.9 ([6]) The necessary conditions for the existence of a URD({3, 4}; v) with
r3, r4 > 0 are:

e v=0(modl2);

@ Springer



Author's personal copy 49

On uniformly resolvable designs

o r4isodd;
e ifry>1,thenv > k2 and
o 4= v—1;2r3 (r3 — v—1;3 r4).

The fourth condition means that if r3 is given, then ry is determined, and vice versa.
Remark r3 =1 (mod 3).

Proof Because r4 is odd, insert 2 i + 1 for r4 in the last equation of Theorem 1.9; this gives
r3=%5—-3i—-2=-2=1(mod 3). O

Now some known results are summarized of URDs with block sizes 3 and 4. The next
two theorems are special cases of Theorem 1.4. We take the groups as an additional parallel
class to get the URDs.

Theorem 1.10 ([26]) There exist an RGDD(3, 4; v) and also a URD({3,4}; v) with
rq = 1 if, and only if, v = 0 (mod 12).

Theorem 1.11 ([22,24,28,30]) There exist an RGDD(4, 3; v) and so a URD({3,4}; v)
with r3 = 1 if, and only if, v = 0 (mod 12), v > 24.

Danziger showed in [5]:

Theorem 1.12 ([5]) There exists a URD({3, 4}; v) with r4 = 3 for all
v =12 (mod 24), v # 12 with the possible exceptions of v = 84, 156.

In [25] the author showed:

Theorem 1.13 [25] There exists a URD({3, 4}; v) withry = 3 or 5 if, and only if, v =
0 (mod 12), except when v = 12.

There is also a result for K = {3, 5} :

Theorem 1.14 ([26]) There exists a URD ({3, 5}; v) with rs = 2, 3,4, 5 if, and only if,
v = 15 (mod 30) except v = 15, and except possibly

v =105 forrs =3,

v € {105, 165, 285, 345} forrs =2,4,5.

In the next section, labeled resolvable designs are introduced and designs are constructed for
four exceptions in Theorem 1.14. Ingredient designs for recursive constructions, which are
described in Sect. 3, are created by some new labeled uniformly resolvable designs. In the
further sections the results are described.

2 Labeled resolvable designs and direct constructions

The concept of labeled resolvable designs is needed in order to get direct constructions for
resolvable designs. This concept was introduced by Shen [27,29,30].

Let (X, B) be a (U)GDD, (K, M; v) where X = {a;, a,...,a,} is totally ordered
with ordering a; < ay < --- < ay. For each block B = {x1,x2,...,x¢}, k € K, itis
supposed that x; < x3 < -+ < x¢. Let Z, be the group of residues modulo X .
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k
Let ¢ : B — Z/Sz) be a mapping where for each B = {x1,x2,...,xx} €
B,k € K,p(B) = (p(x1,x2),...,0(x1,x1), p(x2,x3), ..., 9(x2, 1), ¢(x3, X4), .. .,
O(xk—1, X)), @i, xj) € Zyforl <i <j<k.
A (U)GDD; (K, M; v) is said to be a labeled (uniform resolvable) group divisible
design, denoted L(U)GDD, (K, M; v), if there exists a mapping ¢ such that:

1. For each pair {x, y} C X with x < y, contained in the blocks Bi, By, ..., B; , then
@i (x,y) = ¢;(x, y)if, and only if, i = j where the subscripts i and j denote the blocks
to which the pair belongs, for 1 <i, j < A; and

2. For each block B = {x1,x2,...,x¢}, k € K, o(xs, X5) + ¢(x5, X)) = @(xr, x;) (mod
M,forl <r<s <t <k

The blocks will be denoted in the following form:

(x1x2 .. xxs @(x1, x2) ... o(xy, xp)@(x2, x3) ... (X2, Xk)@(X3, X4) ... (xk—1, Xk)), k € K.

The above definition was first given in [25] and is a little bit more general than the definition
by Shen [30] with K = {k} or Shen and Wang [29] for transversal designs. A special case of
type 17, alabeled URD, (K; v), is denoted by LURD, (K; v). A labeled K -frame of type
T and index A is denoted K -LF; of type T'.

The main application of the labeled designs is to blow up the point set of a given design with
the following theorem (Shen, [17]) here extended for labeled (uniform resolvable) pairwise
balanced designs.

Theorem 2.1 ([17,25]) If there exists an L(U)GDD, (K, M; v) (with r,f classes of size k,
for each k € K ), then there exists a (U GDD(K, AM; Av), where A\M = {Agi|gi € M}
(with ry = r,{“ classes of size k, for each k € K ). If there exists a uniform frame K — LF,, of
type T, then there exists a uniform K -frame of type AT, where AT = {Agilgi € T}.

Proof Let (X, G, B) be an LRGDD, (K, M; v) where X = {aj, aa,...,ay}. Expand-
ing each point ¢; € X A times gives the points {g; 0, ...,ai -1}, = 1,..., v, in the new
design. Any group with g; points becomes a new group with A - g; points. Each labeled block,
(xpx2 ... xs @(x1, x2) oo @(xn, xp)@(x2, x3) .. (X2, X )@(X3, X4) ... @(Xk—1, Xk)), Kk €
K, gives A new blocks {X1,j, X2, j+o(xi,x2)s - - - » Xk, j4oCr 0}, kK € K, j =0,...,(A = 1)
with indices calculated mod()) and all blocks taken together consist of different points.
Therefore, each (partial) uniform parallel class of the labeled design with blocks of size k
gives a (partial) parallel class of the expanded design with blocks of the same size k. For
each pair {x, y} C X with x < y from different groups, let By, Bs, ..., B, be the A blocks
containing {x, y}and let ¢;(x, y) be the values of ¢(x, y) correspondingto B;, 1 <i <A
. Due to the first condition on ¢ , all pairs {x;, ¥j1p.x, )i =1,..., A, j=0,..., (A= 1),
are different, where the indices are calculated mod (}). O

A special case for URDs is shown in the following.

Corollary 2.2 [f there exists an LURD, (K; v) with r,f classes of size k, for each k € K,
then there exists a URD(K U {\}; Av) withrp = r,f when k # A, and r), = r/\L + 1, where
wetaker){‘ =0ifr ¢ K.

Lemma 2.3 There exist an LURD3 ({3, 4}; 12) with ra = 7, an LURD4 ({3, 4}; 12) with
r4 = 6, an LURD4 ({3, 4}; 12) with r4 = 8 and an LURD4({3, 4}; 12) withr3 =17.

Proof The desired designs were found computationally.

@ Springer



51

Author's personal copy

On uniformly resolvable designs

7; each row forms a parallel class:

An LURD3 ({3, 4}; 12) with ry4
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URD({3, 4}; 48) withr; = 10, r4 =9, a URD({3, 4}; 48) withr; =7, a URD({3, 4}; 36)

Lemma 2.4 There exist a URD({3, 4}; 36) withry =7, a URD({3,4}; 48) withry =7, a

9,

7 or 9, a URD({3, 4}; 72) with ry

9, a URD({3, 4}; 60) with ry =

with ry
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a URD({3,4}; 132) with r4 = 7 or 9, a URD({3,4}; 156) with r4 = 7 or 9, a
URD({3, 4}; 204) withry =7 or 9 and a URD({3, 4}; 228) withry = 9.

Proof For the first four URDs the assertion follows with Corollary 2.2 and Lemma 2.3. For
the next case we begin with a well-known RTD(4, 9). Filling the groups with RPBD(3; 9)
results in a URD({3,4}; 36) with r4 = 9. All other URDs are given in the Online
Resource. O

Four possible exceptions of Theorem 1.14 are constructed in the next theorem.

Theorem 2.5 There exists a URD ({3, 5}; v) withrs = 2, 3, 4, 5if, and only if, v =
15 (mod 30) except v = 15, and except possibly v € {165, 285, 345} forrs =2, 4, 5.

Proof By Theorem 1.14 only URDs with v = 105 and r5 = 2, 3, 4 or 5 are needed. A
uniform {3, 5}-LRGDD;, of type 3> with s = 2, 3, 4 or 5 is given in the Online Resource,
therefore, by Theorem 2.1 there exists a uniform {3, 5}-RGDD of type 21° with r5s = 2,
3, 4 or 5. By filling all groups with a RPBD(3; 21), we obtain a URD ({3, 5}; 105) with
rs =2,3,4o0rS5. O

3 Recursive constructions

We now describe some constructions which we will use later. Filling groups and holes with
PBDs or GDDs are known basic constructions [8,11]. Here groups and holes are filled with
URDs to get new URDs.

Construction 3.1 (Filling in groups) Suppose there exists an RGDD(ky, g; ig) and a
URD ({k1, ko}; g) withry, = j, then there exists a URD ({k1, k2}; ig) with ri, = j and an
TURD ({k1, k2}; ig) with a hole of size g, ry, = (Zl_—l)lg k1 -pcs, r,fl = %ﬁz}—lﬁ holey
(or partial) ky -pcs, ri, =0 ko -pes and r,fz = j holey ky -pcs.

Proof Fill all groups of the RGDD with the URD to obtain the URD. Leave exactly one

group empty to get the [URD. O
Construction 3.2 (Generalized frame construction) Suppose there is a ki -frame of type
T =1{t :i=1,...,n}. Let v = Zl'.':lt,- Mf, for each i = 1,...,n, there exists an
TURD ({k1, k2}; t; + s) with a hole of size s, ri, = klt—’;l, r,f] = S—l—kgkifl—l)ﬁ, ri, = 0and
r,fz = J2 for i = 1,....n. — 1, then there

n—1
exists an IURD ({k1, k2}; v+ s) with a hole of size t, + s, 1y, = Z,(ijllt', r,?l = klt%l +

S_l_kgkifl_l)h, I, = 0and r,?z = jo . If there exists a URD ({k1, ka}; t, +5) with ri, = o

and therefore ri,, = kll%l + S_l_kikifl_l)h, then a URD ({k1, ko}; v + s) with ry, = j» exists.

Proof Let X be the point set of the frame, we construct the new design on X U §, where S is
a set of s new points which will be the hole. For each group 7; of size t;,i = 1,...,n—1, of
the frame we fill 7; U S with an URD ({k1, k32}; t; + s) so that the hole covers S. This gives

the IURD. Each group of the frame with size #; has klt—Ll k1 -pcs, which can be extended

with the k; -pcs from the [URD. The holey pcs from all the [URDs combine to form holey
pcs of the new IURD ({k1, k2}; v+ s) with a hole of size #, + s. These give j» holey k;

-pcs and b_l_k(% holey k; -pcs. k’[] holey kj -pcs are from the group of size #, of
the frame. Filling the last hole with the URD ({k1, k»}; t, 4+ s) with ry, = j> results in the
URD ({k1, k2}; v+ s) withrg, = jo. ]
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Remark 1f in Construction 3.2 all [IURDs come from Construction 3.1 with r¢, = j> and
the URD has ry, = j», then all additional conditions in Construction 3.2 are fulfilled. In this
paper all [IURDs come from Construction 3.1.

Construction 3.3 (Weighting) [5] Let (X, G, B ) be a GDD, and let w : X — ZT U0 be
a weight function on X. Suppose that for each block B € B, there exists a k-frame of type

{w(x) : x € B}. Then there is a k-frame of type [ > wkx):G; e G].

xeGi

The next two lemmas are similar to a lemma in [17], but here the lemmas are applied to
URDs.

Lemma3.4 Letu C {0,1}, s = 0 (mod 12), s > 12. Suppose a TD(6 + u, m) exists.
Suppose also that there exists a URD({k, 4}; 12-b+s) withry = j, where 0 < b < m, an
IURD({k, 4}; 12m + s) with r; = j and a hole of size s and an ITURD({k, 4}; 12a + s)
with r = j and a hole of size s, when u = 1, where 0 < a < m, which all fulfil the
conditions of Construction 3.2. Then there exists a URD({k, 4}; 12i) with ry = j, where
i=5m+ua+b+ 75

Proof Truncate a group in the TD(6 + u«, m) to size b. For u = 1 truncate another group to
size a. This gives a GDD({5, 6, 6 + u}, {m, b, au}; v). Apply Construction 3.3 with weight
12 and 4-frames of types 12/ for ¢ € {5, 6, 6 + u}, which exist by Theorem 1.6. The result is
a 4-frame of type (12m)> (12b)' (12au)". Adjoin s infinite points and apply Construction 3.2
with the above URD and IURDs, which gives the design as required. O

Lemma3.5 Let s = 0 (mod 12), s > 12, u C {0, 1}. Suppose a GDD({4,5,5 +
u}, {m, b, au}; v) exists. Suppose also that there exist a URD({3,k}; 12b+s) withry = ],
where 0 < b < m, an IURD({3, k}; 12m + s) with ry = j and a hole of size s, and an
IURD({3, k}; 12a + s) with r; = j and a hole of size s, when u = 1, where 0 < a < m,
which all fulfil the conditions of Construction 3.2. Then there exists a URD({3, k}; 12i) with
rk = j, where i =4m +ua +b + 5.

Proof Apply Construction 3.3 with weight 12 and 3-frames of types 12/ fort € {4, 5, 5+u},
which exist by Theorem 1.5. The result is a 3-frame of type (12m)*(12b)! (12au)*. Adjoin s
infinite points and apply Construction 3.2 with the above URD and IURDs, which gives the
design as required. O

Lemma 3.6 If there exists a URD({3,4}; wvg) with ra = m > 0, then there exist a
URD({3, 4}; nvg) with ry, = m and an IURD({3,4}; nvo) with r{ = m and a hole of
size v for alln > 3.

Proof Since there exists a URD({3, 4}; vo) with r4 = m > 0, we have vyp = 0 (mod 12)
by Theorem 1.7. The assertion follows from Theorem 1.4 by filling a 3-RGDD of type v; by
the URD({3, 4}; vg) with r4 = m. By not filling one group, we get the [URD. ]

Some further needed constructions from Danziger [5].

Lemma 3.7 ([5], Theorem 2.5) If there exists a uniform {3,4} -frame of type
—3r

(g1; 37 (g2: 37 4" and w = 3 (mod6) is such that g1 +w = 3 (mod6), 2w < g1,

and there exists a URD({3, 4}; g2 + w) withry =r, ( = W), then there exists

a URD({3,4}; g1t + g2 + w) withry =r.
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Lemma 3.8 ([5], Lemmas 3.3 and 3.4) Let vo = 0 (mod 12), r4 odd.

Forvo=9-r4+6j + 9 with J and integer, j > 0, there exists a uniform {3, 4} -frame
of type (24; 3'2) (vg — 9; 3304+ 4! forall t = 1 (mod 3) with 1 > 1+ 2U4ED

For vg = 9r4 + 6j + 3 with j and integer, j > 0, there exists a uniform {3, 4} -frame of
¢ . al2yt 2. 23(rgtj+1) grand _ : 3(ra+Jj)
ype (24; 3'7) (vo — 3; 3 4%)" forallt =1 (mod 3) witht > 1 + ==,

Lemma 3.8 is a little bit more general then the lemmas by Danziger [5], but the proof is
analogues. The second variant of Lemma 3.8 is only useful if j = 0. In all other cases the
first variant is more effective, because the bound for ¢ is lesser.

4 Results for URDs with exactly 4 parallel classes with blocks of size 3
Theorem 4.1 There exists a URD({3, 4}; 12i) with r3 = 4 if, and only if, i > 1 integer.

Proof There exists a URD({3, 4}; 12) with r3 = 4 and r4 = 1 by Theorem 1.10, a
URD({3, 4}; 24) with r3 = 4 and r4 = 5 by Theorem 1.12, and a URD({3, 4}; 36) with
r3 = 4and ry = 9 by Lemma 2.4. Because of Theorem 1.4 all 4-RGDDs of type 12" exist for
n > 4. Filling the groups with the URD({3, 4}; 12) with r3 = 4, gives the desired designs.
O

5 Results for URDs with exactly 7 parallel classes with blocks of size 3

Now the aim is to find {3,4}-URDs with r3 = 7. In this section let N = {n
3 URD({3, 4}; 12 - n)withrz = 7}.

Lemma 5.1 There exist a URD({3, 4}; 24), a URD({3, 4}; 36) and a URD({3, 4}; 48) all
withry =17.

Proof A URD({3,4}; 24) with r3 = 7 and r4 = 3 exists by Theorem 1.13. A
URD({3, 4}; 36) with r3 = 7 and r4 = 7 exists by Lemma 2.4. A URD({3,4}; 48)
with r3 = 7 and r4 = 11 exists by Lemma 2.4. ]

Lemma 5.2 There exists a URD({3, 4}; 24 i) with r3 = 7 and an IURD({3, 4}; 24 i) with
ry =7T,r4 =8 (i — 1), r; =3 and a hole of size 24 fori > 4.

Proof Let g = 24 in Construction 3.1. The 4-RGDDs of type 24! exist by Theorem 1.4. A
URD({3, 4}; 24) withr3 =7, r4 = 3 exists by Lemma 5.1. O

Lemma 5.3 There exists a URD({3,4}; 60i) with r3 = 7 and an IURD ({3, 4}; 60i) with
ry =T and a hole of size 15 fori > 1.

Proof By Theorem 1.4 there exists a 4-RGDD of type 15* for i > 1. Fill the groups with
the well known RPBD(3; 15), which has seven parallel classes. By not filling one group we
obtain IURDs. O

Lemma 5.4 There exists a URD({3,4}; 36 i) with r3 = 7 for i > 4 and an
IURD({3, 4}; 36i) withr; =7, ry =1 and a hole of size 36 fori > 4, i ¢ {14, 15}.
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Proof Let g = 36 in Construction 3.1, by Theorem 1.4 RGDDs of type 36 exist for i >
4,i ¢ {11, 14, 15, 18, 23}. AURD({3, 4}; 36) with r3 = 7 exists by Lemma 2.4. By not fill-
ing in one group we obtain the [IURDs. Fori = 14 and i = 18 the URDs exist by Lemma 5.2
and for i = 15 by Lemma 5.3. For i = 18 the IURD exists by Lemma 5.13. For i = 23
a URD and also an IURD with a hole of size 36 is constructed in Lemma 5.11. Now the
proof for the last case i = 11. There exists a 5-GDD of type 24°4! by Theorem 1.2. Apply
Construction 3.3 with weight 3 and 4-frames of type 3°, which exist by Theorem 1.6. The
result is a 4-frame of type 725 . 121, There exists an IURD({3, 4}; 96) with r; = 7 and a
hole of size 24 by Lemma 5.2. Adjoin 24 infinite points to the frame and fill all groups of
size 72 with this IURD, with the infinite points forming the hole. The 24 frame 4-pcs are
completed with the 24 complete 4-pcs of the [URD. This is the desired [URD. Fill the group
of size 12 together with the infinite points with a URD({3, 4}; 36) withrz = 7,14 = 7.
After completing the four frame 4-pcs it remain three more 4-pcs, which can be completed
with the holey 4-pcs from the groups of size 72. O

Lemmas.5 Let 0 < b < 3n, b € {0,1,2} U {5,7,9,...} U{9, 12,15, 18,21, 24,27}
and n > 3, n ¢ {6,13,14}. Then there exists a URD({3,4}; 12i) with r3 = 7 where
i=15n+b+43.

Proof The lemma is a special case of Lemma 3.4, let s=36, j=7 and u=0. The
URD({3,4}; 12b + 36) with r3 = 7 exists for b € {0,1,2} U {5,7,9,...} U {9, 12,
15, 18,21, 24,27} due to the Lemmas 5.1-5.4. Let m = 3n then there exists an
TURD({3, 4}; 12m + 36) with r3 = 7 and a hole of size 36 by Lemma 5.4 forn + 1 >
4,n+1 ¢ {14, 15}, thatmeansn > 3,n ¢ {13, 14}. ATD(6, 3n) exists for3n > 5, 3n # 18
by Theorem 1.3. Both conditions together give: n > 3, n ¢ {6, 13, 14}. O

Lemma5.6 Let 0 < b < 3n, b € {0,1,2} U{5,7,9,...} U{9, 12,15, 18,21, 24, 27},
3 <c<mnc ¢ {13,14 andn > 3,n ¢ {5,6,10, 13, 14,20}. Then there exists a
URD({3,4}; 12 i) withr3 =7 wherei = 15n + b + 3¢ + 3.

Proof The lemma is a special case of Lemma 3.4, let s = 36, j = 7 and u = 1. The condi-
tion on b is as in Lemma 5.5. Let m = 3n then the [IURD({3, 4}; 12m + 36) with r3 =7
and a hole of size 36 exists by Lemma 5.4 forn + 1 > 4,n + 1 ¢ {14, 15}, that means
n>3,n¢{13,14}. ATD(7, 3n) exists for 3n > 7,3n ¢ {15, 18, 30, 60} by Theorem 1.3.
Both conditions together give n > 3, n ¢ {5, 6, 10, 13, 14, 20}. Let a = 3c then it follows
how above that there exists an [IURD({3, 4}; 12a + 36) with r§ = 7 and a hole of size 36
forc > 3,c ¢ {13, 14} ]

With b € {0, 1,2} and ¢ € {3, 4, 5, 6, 7} all residue classes modulo 15 are covered:
Lemma 5.7 Let b € {0,1,2}, c € {3,4,5,6,7} and n > 3,n ¢ {5, 6}. Then there exists
a URD({3,4}; 12 i) with r3 = 7, where i = 15n + b + 3¢ + 3, that means {i : i >
15-6+2+3-74+3 =116} C N.

Proof For n ¢ {10, 13, 14,20} all the conditions of Lemma 5.6 are fulfilled. For
I5n — D)+ (B +12)+3(c+ 1)+ 3,

. . b e {0, 1}
ne{10, 13,20} wehavei=15n+b+3c+3= 1501 — 1) + (b + 15) + 3¢ + 3, , CE
b=2

{3,4,5, 6,7} and for the right side of the above equation all the conditions of Lemma 5.6 are
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15(n=2)+b +27) +3(c+ 1) +3,

_ . . b e {0, 2}
fulfilled. Forn=14 wehave i=15n+b+3c+3= 15— 1)+(b + 24) + 3(c +2) + 3.7 c €
b=1
{3, 4,5, 6, 7} and for the right side of the above equation again all the conditions of Lemma 5.6
are fulfilled. O

Lemma5.8 Letr0O < b <2n, b e {0,1,2,3}U{6,8,10,...} U{10,13,16,19} and n >
4,n ¢ {5,7,9, 11}. Thenthere existsaURD({3, 4}; 12 i) withrz = 7Twherei = 10-n+b+2.

Proof The lemma is a special case of Lemma 3.4, let s = 24,j = 7 and u = 0.
A URD({3,4}; 12 b + 24) with r3 = 7,r4 = 4b 4+ 3 exists for b € {0,1,2,3} U
{6,8,10,...} U {10, 13,16, 19} due to the Lemmas 5.1-5.4. Let m = 2n then there
exists an [IURD({3,4}; 12 m + 24) with r; = 7 and a hole of size 24 by Lemma 5.2
for n + 1 > 4, that means n > 3. Also the conditions of Construction 3.2 are fulfilled.
A TD(6, 2n) exists for 2n > 5,2n ¢ {6, 10, 14, 18, 22} by Theorem 1.3. Both conditions
together given > 4,n ¢ {5,7,9, 11}. m]

Lemmas.9 Ler 0 < b < 2n, 0 < ¢ < n, b € {0,1,2,3} U {6,8,10,...} U
{10,13,16,19},¢c > 3 andn > 4,n ¢ {5,7,9,10, 11, 13, 15, 17, 19, 23, 30}. Then there
exists a URD({3, 4}; 12i) withrz =7 wherei = 10-n+b + 2c + 2.

Proof Thelemmais aspecial case of Lemma 3.4, lets = 24, j = 7andu = 1. The condition
on b is asin Lemma 5.8. Let m = 2n then it follows how above that an [IURD({3, 4}; 12 m+
24) with r; = 7 and a hole of size 24 exists for n > 3. A TD(7,2n) exists for
2n > 7,2n ¢ {10, 14, 18, 20, 22, 26, 30, 34, 38, 46, 60} by Theorem 1.3. That gives n >
4,n ¢1{5,7,9,10, 11, 13, 15, 17, 19, 23, 30}. Let a = 2c then it follows how above that an
ITURD({3, 4}; 12 a + 24) with r; = 7 and a hole of size 24 exists for ¢ > 3. O

Lemma 5.10 We have {43, 83} C N.
Proof In Lemma 5.8, wherei = 10n +b +2,letn =4 or8and b = 1. O
Lemma 5.11 We have {49, 53, 69,71, 73,77, 89,91,97, 101, 103, 107, 109} C N.

Proof In Lemma 5.9, where i = 10n + b + 2¢ + 2, take the following values for n, b and c:

n b c i

4 1 3 49
4 3 4 53
6 1 3 69
6 1 4 171
6 3 4 73
6 3 6 77
8 1 3 89
8 1 4 91
8 1 7 97
8 3 8 101
8 13 4 103
8 13 6 107
8 13 7 109 O
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Lemma 5.12 We have 113 € N.
Proof In Lemma 5.5, where i = 15n +b + 3,letn =7 and b = 5. O
Lemma 5.13 We have {59,79} C N.

Proof In Lemma 5.6, where i = 15n + b + 3¢ + 3, take the following values for n, b and c:

n b ¢ i
3 2 3 59
4 7 3 179

Lemma 5.14 We have {61, 67} C N.

Proof There exists a TD(8, m) form € {8, 9} by [2]. Truncate one group in a TD(8, m) to
size b. This gives a GDD({7, 8}, {m, b}; v). Apply Construction 3.3 with weight 12 and
4-frames of types 12" for r € {7, 8}, which exist by Theorem 1.6. The result is a 4-frame of
type (12m)7 (12b)".

Let m = 8,b = 3 and adjoin 24 infinite points and apply Construction 3.2 with
an ITURD({3, 4}; 96 + 24) with r; = 7 and a hole of size 24 from Lemma 5.2 and a
URD({3, 4}; 60) with r3 = 7 from Lemma 5.3. The result is a URD({3, 4}; 12 - 61) with
r3 = 7.

Let m = 9,b = 1 and adjoin 36 infinite points and apply Construction 3.2 with an
IURD({3,4}; 108°132!) with r{ = 7 and a hole of size 36 from Lemma 5.4 and a
URD({3,4}; 48) with r3 = 7 from Lemma 5.1. The result is a URD({3, 4}; 12 - 67)
withr3 = 7. O

Lemma 5.15 There exists a URD({3,4}; 12 n) withrz = 7 forn = 41, 47.

Proof There exists a TD(7, 7) by Theorem 1.3. Truncate a group of this design to size 3. Use
one of the truncated point to redefine the groups. This gives a {6, 7} -GDD of type 6’3
Apply Construction 3.3 with weight 12 and 4-frames of types 12° and 127, which exist by
Theorem 1.6. The result is a 4-frame of type 72736!. There exists an IURD({3, 4}; 96) with
r; = 7 and a hole of size 24 by Lemma 5.2. Adjoin 24 infinite points to the frame and fill
all groups of size 72 with this IURD, with the infinite points forming the hole. Fill the group
of size 36 together with the infinite points with a URD({3,4}; 60) with r3 = 7. This gives a
URD({3, 4}; 12-47) withrz =17.

Start again from a TD(7, 7) and delete 6 points from a block to obtain a {6, 7} -GDD of
type 6°7!. Remove 4 points from the group of size 7 to get a {5, 6, 7}-GDD of type 6°3'.
Apply Construction 3.3 with weight 12 and 4-frames of types 127, 126 and 127, which exist
by Theorem 1.6. The result is a 4-frame of type 72636!. Again, adjoin 24 infinite points to
the frame and fill all groups of size 72 with this IURD, with the infinite points forming the
hole. Fill the group of size 36 together with the infinite points with a URD({3,4}; 60) with
r3 = 7. This gives a URD({3, 4}; 12 -41) withr3 = 7. O

All lemmas of this section result in:

Theorem 5.16 There exists a URD({3, 4}; 12 n) with r3 = 7 if, and only if, n > 2, and
possibly excepting the following 11 values: n € {6,7,9,11,13,17, 19, 23, 29, 31, 37}.
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6 Results for URDs with exactly 10 parallel classes with blocks of size 3

Now the aim is to find {3, 4}-URDs with r3 = 10. In this section let N = {n :
3 URD({3, 4}; 12 - n)with r3 = 10}.

Lemma 6.1 There exist a URD({3, 4}; 24), a URD({3, 4}; 36) and a URD({3, 4}; 48) all
with r3 = 10.

Proof A design URD({3, 4}; 24) with r3 = 10 and r4 = 1 exists by Theorem 1.10. A
URD({3, 4}; 36) withr3 = 10 and r4 = 5 exists by Theorem 1.13. A URD({3, 4}; 48) with
r3 = 10 and r4 = 9 exists by Lemma 2.4. ]

Lemma 6.2 There exists a URD({3, 4}; 84 i) with r3 = 10 for all integers i > 0.

Proof There exists a 4-RGDD of type 21* for all integers i by Theorem 1.4. Fill the groups
with the well known RPBD(3; 21), which has 10 parallel classes. O

Lemma 6.3 There exists a URD({3, 4}; 24 i) with r3 = 10 and an IURD({3, 4}; 24 i)
with r; = 10 and a hole of size 24 for i > 4.

Proof A URD({3, 4}; 24) with r3 = 10 exists by Theorem 1.10. Take in Construction 3.1
the value g = 24. The RGDDs exist by Theorem 1.4 for i > 4. By not filling one group we
obtain the IURDs. O

Lemma 6.4 There exists a URD({3,4}; 36 i) withrz = 10 fori > 4,i # 15 and an
TURD({3, 4}; 36 i) with r; = 10 and a hole of size 36 fori ¢ {14, 15}.

Proof Take in Construction 3.1 the value g = 36. The RGDDs exist by Theorem 1.4 for
i>4,i¢{11,14,15, 18, 23}. AURD({3, 4}; 36)existsby Lemma6.1.Fori = 14 the URD
exists by Lemma 6.3. Fori = 18 the URD and also the IURD are constructed in Lemma 6.13.
For i = 23 the URD and also the IURD are constructed in Lemma 6.11. Now the proof for
the last case i = 11. Take a 5-GDD of type 244!, which exists by Theorem 1.2. Apply Con-
struction 3.3 with weight 3 and 4-frames of type 3°, which exist by Theorem 1.6. The result
is a 4-frame of type 725121, By Lemma 6.3 there exists an IURD({3, 4}; 96) with 3 = 10
and a hole of size 24. Adjoin 24 infinite points to the frame and fill all groups of size 72 with
this TURD, with the infinite points forming the hole. The result is an [IURD({3, 4}; 36-11)
with r3 = 10 and a hole of size 36. Fill the hole with a URD({3, 4}; 36) with r3 = 10,
which is given in Lemma 6.1.

O

Lemma 6.5 Letr 0 < b <2n, b € {0,1,2,5}U{6,8,10,...} U{10,13,16,19} and n >
4,n ¢ {5,7,9, 11}. Then there exists a URD({3, 4}; 12 i) with r3 = 10 where i =
10n + b+ 2.

Proof The lemma is a special case of Lemma 3.4, lets = 24,j = 10 and u = 0. A
URD({3, 4}; 12 b + 24) with r3 = 10 exists for b € {0,1,2,5} U {6,8,10,...} U
{10, 13, 16, 19} by the Lemmas 6.1-6.4. Let m = 2n then an [URD({3, 4}; 12 m+24) with
r3 = 10 and a hole of size 24 exists by Lemma 6.3 forn + 1 > 4,i.e. n > 3. A TD(6, 2n)
exists for 2n > 5,2n ¢ {6, 10, 14, 18, 22} by Theorem 1.3. Both conditions together give
n>4n¢({5709,11}. O

Lemma6.6 Let 0 < b < 2n, b e {0,1,2,5} U {6,8,10,...} U {10, 13, 16, 19},

3<c<nandn > 4,n ¢ {5,7,9,10,11, 13,15, 17,19, 23, 30}. Then there exists a
URD({3, 4}; 12 i) withry = 10 wherei = 10n + b + 2¢ + 2.
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Proof The lemma is a special case of Lemma 3.4, let s = 24, j = 10 and u = 1. The
condition on b is as in Lemma 6.5. Let m = 2n then an [URD({3, 4}; 12 m + 24) with
ry = 10 and a hole of size 24 exists by Lemma 6.3 forn + 1 > 4,i.e.n > 3. ATD(7, 2n)
exists for 2n > 7,2n ¢ {10, 14, 18, 20, 22, 26, 30, 34, 38, 46, 60} by Theorem 1.3. Both
conditions together given > 4,n ¢ {5,7,9, 10, 11, 13, 15, 17, 19, 23, 30}. Let a = 2c¢ then
it follows as above that an IURD({3, 4}; 12 a + 24) with r; = 10 and a hole of size 24
exists for ¢ > 3. O

Lemma 6.7 Let 0 < b < 3n, b € {0,1,4} U {5,7,9,...} U{9,12,15,18,21,24,27}
andn > 3, n ¢ {6, 13, 14}. Then there exists a URD({3, 4}; 12 i) with r3 = 10 where
i=15n+b+3.

Proof The lemma is a special case of Lemma 3.4, let s = 36,j = 10 and u = O.
A URD({3, 4}; 12 b + 36) with r3 = 10 exists for b € {0,1,4} U {5,7,9,...} U
{9, 12, 15, 18, 21, 24, 27} by the Lemmas 6.1-6.4. Letm = 3nthenan[URD({3, 4}; 12 m+
36) with r3 = 10 and a hole of size 36 exists by Lemma 6.4 forn +1 > 4,n + 1 ¢ {14, 15}
i.e.n > 3,n ¢ {13, 14}. ATD(6, 3n) exists for 3n > 5, 3n # 6, 18 by Theorem 1.3. Both
conditions together give: n > 3, n ¢ {6, 13, 14}. m]

Lemma 6.8 Let O < b <3n b e {0,1,4U/{5,7,9,...} U{9, 12,15, 18,21, 24,27},
3< c<mnc¢ {13, 14andn > 3, n ¢ {5,6,10,13, 14,20}. Then there exists a
URD({3, 4}; 12 i) withrz = 10 wherei = 15n + b + 3¢ + 3.

Proof The lemma is a special case of Lemma 3.4, let s = 36, j = 10 and u = 1. The
condition on b is as in Lemma 6.7. Let m = 3n then an [URD({3, 4}; 12 m + 36) with
ry = 10 and a hole of size 36 exists by Lemma 6.4 forn + 1 > 4,n + 1 ¢ {14, 15} i.e.
n>3,n¢ {13,14}. A TD(7, 3n) exists for 3n > 7,3n ¢ {15, 18, 30, 60} by Theorem 1.3.
Both conditions together give n > 3,n ¢ {5, 6, 10, 13, 14, 20}. Let a = 3c then it follows
how above that an [IURD({3, 4}; 12 a + 36) with r§ = 10 and a hole of size 36 exists for
c>3,c¢{13,14}. O

With b € {0, 1,5} and ¢ € {3, 4,5, 6,7} all residue classes modulo 15 are covered.
Lemma 6.9 Let b € {0,1,5}, c € {3,4,5,6,7} and n > 3,n ¢ {5,6}. There exists a

URD({3,4}; 12 i) with r3 = 10, where i = 15n + b + 3¢ + 3, which means {i : i >
15-64+5+3-74+3=119} C N.

Proof For n ¢ {10, 13, 14,20} all the conditions of Lemma 6.8 are fulfilled. For n €
{10,13,20} wehavei = 15n +b+3c+3=15n— 1)+ b+ 12) +3(c+ 1)+ 3,b
{0,1,5}, ¢ € {3,4,5,6,7} and for the right side of the above equation all the condi-
tions of Lemma 6.8 are fulfilled. For n = 14 we have i = 15n + b + 3c + 3 =
I5n —2)+ (b +24)+3(c+2)+3,b € {0,1,5},¢c € {3,4,5,6,7} and for the right
side of the above equation all conditions are again fulfilled in Lemma 6.8. O

Lemma 6.10 We have {43, 47,67,83,115} C N.
Proof Take in Lemma 6.5, where i = 10n + b + 2, the following values for n and b:

n b i

4 1 43
4 5 47
6 5 67
8 1 33
10 13 115

[}
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Lemma 6.11 We have {53, 69,71, 73,77, 89, 95,97, 101, 103, 107, 109} C N.

Proof Take in Lemma 6.6, where i = 10-n + b+ 2c + 2, the following values for n, b and c:

n b c i

4 5 3 53
6 1 3 69
6 1 4 71
6 1 5 73
6 5 5 77
8 1 3 89
8 1 6 95
8 1 7 97
8 5 7 101
8 13 4 103
8 13 6 107
8 13 7 109 O

Lemma 6.12 We have {55, 85,113,119} C N.

Proof Take in Lemma 6.7, where i = 15 - n + b + 3, the following values for n and b:

n b i

3 7 55

5 7 85

7 5 113

7 11 119 O

Lemma 6.13 We have {61,79} C N.

Proof Take in Lemma 6.8, where i = 15-n+ b+ 3c + 3, the following values for n, b and c:

n b ¢ i
3 4 3 61
4 7 3 79 0

Lemma 6.14 There exists a URD(3,4, 12 - 37) and a URD({3, 4}; 12 - 65) both with
r3 = 10, i.e. {37, 65} C N.

Proof There exist 5-GDDs of types 24°20! and 40°52' by Theorem 1.2. Apply Construc-
tion 3.3 with weight 3 and 4-frames of type 3°, given in Theorem 1.6. The results are
4-frames of types 72°60! and 120°156!. There exists an IURD({3, 4}; 72 + 24) and an
TURD({3, 4}; 120+ 24) both with 3 = 10 and a hole of size 24 by Lemma 6.3. Adjoin 24
infinite points to the frames and fill all groups of size 72 and 120 with the appropriate I[URD,
with the infinite points forming the hole. Fill the group of size 60 together with the infinite
points with a URD({3, 4}; 84) with r3 = 10, which is given in Lemma 6.2. Fill the group
of size 156 together with the infinite points with a URD({3, 4}; 180) with r3 = 10, which
is given in Lemma 6.4. O
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Lemma 6.15 There exists a URD({3, 4}; 12-59) withr; = 10, i.e. 59 € N.

Proof There exists a 5-GDD of type 36°44! by Theorem 1.2. Apply Construction 3.3 with
weight 3 and 4-frames of type 3°, given in Theorem 1.6. The result is a 4-frame of type
1083 - 132°. There exists an IURD({3, 4}; 108 4+ 36) with r§ = 10 and a hole of size 36
by Lemma 6.4. Adjoin 36 infinite points to the frame and fill all groups of size 108 with this
IURD, with the infinite points forming the hole. Fill the group of size 132 together with the
infinite points with a URD({3, 4}; 168) with r3 = 10, which exists by Lemma 6.3. O

Lemma 6.16 There exists a URD({3, 4}; 12 -45) withr; = 10.

Proof There exists a TD(7, 7) by Theorem 1.3. Truncate a group of this design to size 1. Use
one of the truncated points to redefine the groups. This gives a {6, 7} -GDD of type 6711,
Apply Construction 3.3 with weight 12 and 4-frames of types 12 and 127, which exist by
Theorem 1.6. The result is a 4-frame of type 727121, There exists an [IURD({3, 4}; 96) with
r3 = 10 and a hole of size 24 by Lemma 6.3. Adjoin 24 infinite points to the frame and fill
all groups of size 72 with this [IURD, with the infinite points forming the hole. Fill the group
of size 12 together with the infinite points with a URD({3.,4}; 36) with r3 = 10. This gives
a URD({3, 4}; 12-45) with r3 = 10. O

All lemmas of this section result in:

Theorem 6.17 There exists a URD({3, 4}; 12 n) with r3 = 10 if, and only if, n > 2, and
possibly excepting the following 12 values: n € {5,6,9, 11, 13,17, 19, 23, 25, 29, 31, 41}.

7 Results for URDs with exactly 7 parallel classes with blocks of size 4

Lemma 7.1 There exists a URD({3, 4}; 24 i), with r4 = 7 for all integers i > 0 and an
IURD({3, 4}; 24 i) withrg =T and a hole of size 24 for all i > 3.

Proof A URD({3, 4}; 24) with r3 = 1, r4 = 7 exists by Theorem 1.11. Apply this design
in Lemma 3.6. A URD({3, 4}; 48) with r4 = 7 exists by Lemma 2.4. O

Lemma 7.2 T here exists a URD({3, 4}; 36 i), with rq4 = 7 for all integers i > 0 and an
IURD({3, 4}; 36 i) withry =T and a hole of size 36 for all i > 3.

Proof A URD({3, 4}; 36) with r4 = 7 exists by Lemma 2.4. Apply this design in
Lemma 3.6. A URD({3, 4}; 72) with r4 = 7 exists by Lemma 7.1. ]

Lemma 7.3 There exists a URD({3, 4}; 84 i) withry =7 or9 for all integersi > 0.

Proof Take as master designs URD({3, 4}; 12 i) withry = 1,i = 1,2, ..., which exist
by Theorem 1.10, and expand all points with 7. It is well-known that an RPBD(3; 21), an
RPBD(4; 28), an RTD(3, 7) and an RTD(4, 7) exist.

We first deal with the case r4 = 7. For only one parallel class with k£ = 3 fill each expanded
block with an RPBD(3; 21), which also fills allpairs in the expanded groups. For all other
parallel classes with k = 3 fill each expanded block with an RTD(3, 7). For the only parallel
class with k = 4 fill each expanded block with an RTD(4, 7), which gives seven parallel
classes with k = 4.

Now the case r4 = 9. For all parallel classes with k = 3 fill each expanded block with
an RTD(3, 7). For the only parallel class with k = 4 fill each expanded block with an
RPBD(4; 28), which also fills allpairs in the expanded groups and results in nine parallel
classes with k = 4. O
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Lemma 7.4 There exists a URD({3, 4}; v) withrqy = 7 for all v = 12 (mod 72) except
v = 12 and except possibly when v = 228, 372, 444,

Proof AURD({3, 4}; 132) withry = 7 existsby Lemma 2.4, 132 = vg = 9r4+6j +9 with
j = 10. By Lemma 3.8 there exists a {3, 4} -frame of type (24; 312y (g — 9; 33(ats) 4r4)l
forall t = 1 (mod 3) witht > 1 + w = 13.75. Lett = 13 + 3i,i > 1. Therefore
by Lemma 3.7 there exists a URD({3, 4}; 24(13 + 3i) + 132) with r4 = 7, that means
there exist all URD({3, 4}; 444 + 72i) with r4, = 7,i > 1. Due to the third condition
of Theorem 1.9 a URD({3, 4}; 12) with r4 = 7 cannot exist. A URD({3, 4}; 84) with
rq4 = 7 exists by Lemma 7.3. A URD({3, 4}; 156) with ry = 7 exists by Lemma 2.4. An
RGDD(3, 60; 300) exists by Theorem 1.4. Filling the groups with a URD({3, 4}; 60) with
r4 = 7, which exists by Lemma 2.4, results in a URD({3, 4}; 300) with r4 = 7. O

Lemma 7.5 There exist a URD({3, 4}; v) with rqy = 7 for all v = 60 (mod 72) except
possibly when v = 276, 348.

Proof AURD({3, 4}; 108) withrs = 7 existsby Lemma 7.2, 108 = vo = 9r4+6, +9 with
Jj = 6. By Lemma 3.8 there exists a {3, 4} -frame of type (24; 312y (vg — 9; 3304t)) 44yl
forall 7 = 1 (mod 3) with r > 1+ >+ — 10.75. Let 1 = 10 + 3i,i > 1. Therefore
by Lemma 3.7 there exists a URD({3, 4}; 24(10 + 3i) 4+ 108) with r4 = 7,i > 1, which
means that a URD({3, 4}; 348 + 72i) withrqy = 7,i > 1 exist. A URD({3, 4}; 60) with
rq = 7,a URD({3, 4}; 132) with r4 = 7 and a URD({3, 4}; 204) with ry = 7 exist by
Lemma 2.4. ]

Lemma7.6 LetO < b <m, b € {0,1,...,12} and m € {4, 8, 12}. Then there exists a
URD({3, 4}; 12-i) withry =7 wherei = 4m + b + 2.

Proof This Lemma is a special case of Lemma 3.5, lets = 24,j = 7and u = 0. A
URD({3, 4}; 12 b + 24) with r4 = 7 exists for b € {0, 1, ..., 10} because in the above
lemmas the smallest exception is 156 = 13 - 12. An [IURD({3, 4}; 12 m +24) withry =7
and a hole of size 24 exists by Lemma 7.1 for m € {4,6,8,...}. A TD(5, m) exists for
m >4, m ¢ {6, 10}. Both conditions together give: m € {4, 8, 12}. O

Lemma 7.7 There exist URD({3, 4}; 228) and URD({3, 4}; 444) both withry = 7.

Proof Take in Lemma 7.6 the following values for m and b :

m b i
4 1 19
8 3 137 0

Lemma 7.8 There exists a URD({3, 4}; v) withrqy =7 forv € {276, 348, 372}.

Proof There exist 4-GDDs of types 12*15', 1849! and 18*15' by Theorem 1.1. Apply Con-
struction 3.3 with weight 4 and 3-frames of type 4%, which are given in Theorem 1.5. The result
are 3-frames of types 48%60', 72436' and 7260 . There exists an IURD({3, 4}; 48 + 24)
and an IURD({3, 4}; 72+24) both withr; = 7 and a hole of size 24 by Lemma 7.1. Adjoin
24 infinite points to the above frames and fill all groups of size 48 or 72 with the appropriate
IURD, with the infinite points forming the hole. Fill the group of size 60 together with the
infinite points with a URD({3, 4}; 84) with r4 = 7, which is given in Lemma 7.3. Fill the
group of size 36 together with the infinite points with a URD({3, 4}; 60) with r4 = 7, which
is given in Lemma 2.4. O
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All lemmas of this section give:

Theorem 7.9 There exists a URD({3, 4}; v) withrqy = 7 if, and only if, v = 0 (mod 12)
except v = 12.

8 Results for URDs with exactly 9 parallel classes with blocks of size 4

Lemma 8.1 There exists a URD({3, 4}; 36 -i) with r4 = 9 for all integersi > 1 and an
ITURD({3, 4}; 36i) with r; =9 and a hole of size 36 fori > 3.

Proof A URD({3, 4}; 36) with r4 = 9 exists by Lemma 2.4. A URD({3, 4}; 72)
with r4 = 9 exists by Lemma 2.4. For i > 3, integer, take as master designs 3-RGDDs
of type 36/, RGDD(3, 36; 36i), which exist by Theorem 1.4. Filling the groups with a
URD({3, 4}; 36) with r4 = 9 results in a URD({3, 4}; 36 i) with r, = 9. By not
filling one group we obtain the I[URDs. O

Lemma 8.2 There exists an LURDy4 ({3, 4}; 24i) withry = 8 and alsoa URD({3, 4}; 96i)
with ry = 9 for all integers i > 1.

Proof There exists a URD({3, 4}; 12i) with r4 = 1 fori > 1 by Theorem 1.10. Take
this design as master design and expand all points with two. For only one parallel class
with k = 3 fill each expanded block with an LRPBD4(3; 6), which also fills allpairs in the
expanded groups. For all other parallel classes with k = 3 fill each expanded block with
an LRTD4 (3, 2). For the only parallel class with k = 4 fill each expanded block with an
LRTD4(4, 2), which gives 8 parallel classes with k = 4. All above labeled designs are given
in the Online Resource. Hence, an LURD4 ({3, 4}; 24 i) with r4 = 8 is constructed. By
Corollary 2.2 there exists a URD({3, 4}; 96 i) withrqs = 9 foralli > 1. O

Lemma 8.3 There exists a URD({3, 4}; v) withry = 9 for all v = 12 (mod 72) except
v = 12 and except possibly when v = 372.

Proof AURD({3, 4}; 132) withry = 9existsby Lemma2.4, 132 = vg = 9r4+6j +9 with
Jj = 7.By Lemma 3.8 there exists a {3, 4} -frame of type (24; 312y (yg = 9; 330at)) 4rayl
forallz =1 (mod 3) withr > 143" — 13 Lets = 104-3i withi = 1,2,.... Therefore
by Lemma 3.7 there exists a URD({3, 4}; 24(10 4 3i) + 132) with r4 = 9, which means
that a URD({3, 4}; 372 + 72i) with r4 = 9 exists foralli > 1.

Due to the third condition of Theorem 1.7 a URD({3, 4}; 12) with r4 = 9 cannot
exist. A URD({3, 4}; 84) with r4 = 9 exists by Lemma 7.3. A URD({3, 4}; 156) and a
URD({3, 4}; 228) both with r4 = 9 exist by Lemma 2.4. An RGDD(3, 60; 300) exists
by Theorem 1.4. Filling the groups with a URD({3, 4}; 60) with r4 = 9, which exists by
Lemma 2.4, results in a URD({3, 4}; 300) withry = 9. ]

Lemma 8.4 There exists a URD({3, 4}; v) withry = 9 for all v = 24 (mod 72) except
v = 24 and except possibly when v = 312, 456.

Proof A URD({3, 4}; 48) with r4 = 9 exists by Lemma 2.4 and therefore there exists also
a URD({3, 4}; 144) with r4 = 9 by Lemma 3.6, 144 = vy = 9rq4 + 6j + 9 with j = 9.
By Lemma 3.8 there exists a {3, 4} -frame of type (24; 3'2)"(vg — 9; 330s+)) 4yl for
allt =1 (mod 3) withr > 1 + W = 14.5. Let t = 13 + 3i withi > 1. Therefore by
Lemma 3.7 there exist URD({3, 4}; 24 - (13 + 3i) + 144) with r4 = 9, which means that a
URD({3, 4}; 456 + 72i) with r4 = 9 exists foralli > 1.
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For v = 24 and r4 = 9 would be r3 negative and therefore there is no URD({3, 4}; 24)
with ry = 9. A URD({3, 4}; 96) with r4 = 9 exists by Lemma 8.2. A URD({3, 4}; 168)
with r4 = 9 exists by Lemma 7.3. An RGDD(3, 60; 240) exists by Theorem 1.4. Filling the
groups with URD({3, 4}; 60) with r4 = 9, which exists by Lemma 2.4, results in a URD
({3, 4}; 240) with ry =9. A URD({3, 4}; 384) with r4 = 9 exists by Lemma 8.2. O

Lemma 8.5 There exists a URD({3, 4}; v) withry = 9 for all v = 48 (mod 72) except
possibly when v = 264.

Proof A URD({3, 4}; 96) with r4 = 9 exists by Lemma 8.2, taking 96 = vo = 9r4 +
6j + 9 with j = 1. By Lemma 3.8 there exists a {3, 4} -frame of type (24; 3'2)!(vg —
9; 334D 47yl forall 1 = 1 (mod 3) with 1 > 1 4 2% — 8.5 Letr = 7 + 3i with
i > 1. Therefore by Lemma 3.7 there exists a URD({3, 4}; 24(7 + 3i) + 96) withry =9,
which means that a URD({3, 4}; 264 + 72i) with r4 = 9 exists for all i > 1.

A URD({3, 4}; 48) with r4 = 9 exists by Lemma 2.4. A {3, 4}-LRGDDs of type 33 with
r3 = 39 and r4 = 9 is given in the Online Resource. Therefore, there exists a {3, 4}-RGDD
of type 158 with r3 = 39 and r4 = 9. Filling all groups with a RPBD(3; 15) results ina URD
({3, 4}; 120) withrs = 9. AURD({3, 4}; 192) with r4 = 9 exists by Lemma 8.2. ]

Lemma 8.6 There exists a URD( {3, 4}; v) withry = 9 for all v = 60 (mod 72) except
possibly when v = 276.

Proof A URD({3, 4}; 108) with r4 = 9 exists by Lemma 8.1, taking 108 = vo = 9r4 +
6j + 9 with j = 3. By Lemma 3.8 there exists a {3, 4} -frame of type (24; 3'2)" (v —
9; 330u+i) 4yl forallr =1 (mod 3) witht > 1 + W =10.Letr =7+ 3iwithi =
1,2,.... Therefore by Lemma 3.7 there exists a URD({3, 4}; 24(7+ 3i) 4+ 108) withry =9,
which means that a URD({3, 4}; 276 + 72i) withry =9, i =1,2,...exists.

There exist a URD({3, 4}; 60), URD({3, 4}; 132) and a URD({3, 4}; 204) all with
r4 = 9 by Lemma 2.4. O

Lemma 8.7 There exists a URD({3, 4}; 372) withry = 9.

Proof There exists a 4-GDD of type 18*12! by Theorem 1.1. Apply Construction 3.3 with
weight 4 and 3-frames of type 4%, which are given in Theorem 1.5. The result is a 3-frame
of type 72%48! . There exist an IURD({3, 4}; 72 + 36) with ry =9 and a hole of size 36.
Adjoin 36 infinite points to the frame and fill all groups of size 72 with this [URD, with the
infinite points forming the hole. Fill the group of size 48 together with the infinite points with
a URD({3, 4}; 84) with r4 = 9, which exists by Lemma 7.3. ]

Lemma 8.8 There exists a URD({3, 4}; 456) withrqs = 9.

Proof There exists a 4-GDD of type 24*6' by Theorem 1.1. Apply Construction 3.3 with
weight 4 and 3-frames of type 4*, which are given in Theorem 1.5. The result is a 3-frame
of type 96424 There exist a 3-RGDD of type 483 by Theorem 1.4 and a URD({3, 4}; 48)
with r4 = 9 by Lemma 2.4. Filling 2 groups of the RGDD with this URD results in an
IURD({3, 4}; 96 + 48) with r; = 9 and a hole of size 48. Adjoin 48 infinite points to
the frame and fill all groups of size 96 with this IURD, with the infinite points forming the
hole. Fill the group of size 24 together with the infinite points with a URD({3, 4}; 72) with
rq = 9, which exists by Lemma 2.4. O
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Lemma 8.9 There exists a URD({3, 4}; 264) and a URD({3, 4}; 312) both with ry = 9.

Proof There exist uniform 4-RGDDs of types 22 and 4!3 by Theorem 1.4, which are used
as master designs. By Theorem 1.4 there exists a 3-RGDD of type 6*, which is used as first
ingredient design. In the Online Resource is given a uniform {3, 4} — LRGDD, of type 3*
with r3 = 3 and r4 = 4. By Theorem 2.1 we obtain a uniform {3, 4} — RGDD of type 6*
with 3 = 3 and r4 = 4, which is used as second ingredient design. We expand all points
of the master design six times. All blocks of any parallel class have to be filled with the
same ingredient design. Therefore, each parallel class expands in a way that several uniform
parallel classes are created. Two parallel classes are expanded with the second ingredient
design. All other parallel classes have to expand with the first ingredient design, resulting in
a uniform {3, 4} — RGDD of type 1222 and a uniform {3, 4} — RGDD of type 2413 both
with r4 = 8. We fill all groups of size 12 with a URD({3, 4}; 12) with r4 = 1 and all groups
of size 24 with a URD({3, 4}; 24) with r4 = 1, which results in the desired designs. ]

All lemmas of this section result in:

Theorem 8.10 There exists a URD({3, 4}; v) withrqs =9 if, and only if, v = 0 (mod 12)
except v = 12, 24 and except possibly when v = 276.

9 All admissible URD({3, 4}; v) for many values v

Lemma 9.1 There exist uniform
3-RGDD of type 12* with r3 = 18 (and r4 = 0),
(3, 4)-RGDD of type 12* withry = 15 and r4 = 2,
{3, 4}-RGDD of type 12* with r3 = 12 and r4 = 4,
{3, 4}-RGDD of type 12* withry =9 and ry = 6,
(3, 4}-RGDD of type 12* with r3 = 6 and r4 = 8 and
4-RGDD of type 12* with (r3 = 0 and) r4 = 12.

Proof The 3-RGDD and the 4-RGDD exist by Theorem 1.4. Uniform {3, 4} — LRGDD,4 of
type 3% with (r3, 1) € {15, 2), (12, 4), (9, 6), (6, 8)} are all given in the Online
Resource, therefore the assertion follows with Theorem 2.1. O

Theorem 9.2 [f a 4-RGDD of type h* exists, then there exists a URD({3, 4}; 12hu) with
r3 =1, 4, ..., 6hu — 2, which means that for v = 12hu all admissible {3, 4} — URDs
exist.

Proof URDs with r3 = 1 exist by Theorem 1.11. We take the 4-RGDD of type h" as master
design and all designs of Lemma 9.1 as ingredient designs. We expand all points of the
master design 12 times. All blocks of any parallel class have to be filled with the same ingre-
dient design. Therefore, each parallel class expands in a way that several uniform parallel
classes are created. Each 4-pc of the master design results in 0, 6, 9, 12, 15 or 18 3-pcs.
We obtain a {3, 4}-RGDD of type (12h)* withr3 =0, 6, 9,..., 6h(u — 1), as we fill
all parallel classes appropriately. Now we fill all groups. At first, we fill all groups with a
URD({3, 4}; 12h) with r4 = 1 and r3 = 6h — 2, which exists by Theorem 1.10, and
obtain a URD({3, 4}; 12hu) withrz =6h —2+6, ..., 6hu — 2. Secondly, we can fill all
groups with a URD({3, 4}; 12h) with r3 = 4, which exists by Theorem 4.1, and obtain a
URD({3, 4}; 12hu) withr3 =4, 10, 13,..., 6 h(u — 1) +4. AURD({3, 4}; 12hu) with
r3 = 7 exists by Theorem 5.16, because the product hu from a 4-RGDD of type #* cannot
be an exceptional value in Theorem 5.16. O
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Theorem 9.3 For v = 0 (mod 48), all admissible URD({3, 4}; v) exist.

Proof There exist 4-RGDDs of type g* by Theorem 1.4 for all integers g > 1, except when
g € {2, 3, 6} and except possibly when g = 10. Therefore, for v = 0 (mod 48), all admissi-
ble URD({3, 4}; v) exist by Theorem 9.2, except possibly when v = 96, 144, 288 or 480.

There exists a 4-RGDD of type 4'© by Theorem 1.4, and therefore, all admissible
URD({3, 4}; 480) exist by Theorem 9.2.

All RGDDs in the remain of this proof have only uniform pcs. We take a 4-RGDD of
type 3% as master design and all designs of Lemma 9.1 as ingredient designs. We assign
weight 12 to all points of the master design. All blocks of any parallel class have to be
filled with the same ingredient design. Therefore, each parallel class expands in a way that
several uniform parallel classes are created. Each 4-pc of the master design results in 0, 2,
4,6, 8 or 12 4-pcs. We obtain a {3, 4}-RGDD of type 368 with rqs =0,2,4,...,80, 84 if
we fill all parallel classes appropriately. Only r4 = 82 is not combinable. There exist all
admissible URD({3, 4}; 36) by Theorems 1.4, 1.13, 4.1, 5.16, 6.17, 7.9, 8.10. Now, we fill
all groups appropriately with the same such design. The result is a URD({3, 4}; 288) with
r4 = 1 (mod 2), 1 < rq < 95. Each such ry4 is combinable.

We take a {3, 4}-RGDD of type 3* as master design and all designs of Lemma 9.1 as
ingredient designs. All points of the master design are given weight 12. All blocks of any
parallel class have to be filled with the same ingredient design. Therefore, each parallel class
expands in a way that several uniform parallel classes are created. The only 4-pc of the master
design results in 0, 2, 4, 6, 8 or 12 4-pcs. We obtain a {3, 4}-RGDD of type 36* with rq =
0,2,4,6,8, 12.0nly r4 = 10is not combinable. There exist all admissible URD({3, 4}; 36)
by Theorems 1.4, 1.13, 4.1, 5.16, 6.17, 7.9, 8.10. Now, we fill all groups appropriately with
the same such design. The resultis a URD({3, 4}; 144) withry =1 (mod 2), 1 <rgq < 23.
Each such r4 is combinable. A uniform {3, 4} — LRG D D5 of type 3* with ry = 24 is given
in the Online Resource. Therefore, there exists a uniform {3, 4}-RGDD of type 36* with
r4 = 24 by Theorem 2.1. By filling all groups with the same URD({3, 4}; 36), we obtain a
URD({3, 4}; 144) withry = 1 (mod 2), 25 < r4 < 35.There exists a4-RGDD of type 36*
by Theorem 1.4 which has 36 4-pcs. By filling all groups with the same URD({3, 4}; 36),
we obtain a URD({3, 4}; 144) withry = 1 (mod 2),37 < rq < 47.

There exist a URD({3, 4}; 96) withry = 1,3,5,7,9 by Theorems 1.4, 1.13, 7.9, 8.10.
We take a {3, 4}-RGDD of type 3* as master design and a 3-RGDD of type 83 as well as
a 4-RGDD of type 8* as ingredient designs (Theorem 1.4). All points of the master design
are assigned weight 8. The only 4-pc of the master design results in 8 4-pcs. We obtain a
{3,4}-RGDD of type 24% with r4 = 8. There exist all admissible URD({3, 4}; 24) by The-
orems 1.4, 1.13, 7.9. Now, we fill all groups appropriately with the same such design. The
result is a URD({3, 4}; 96) with r4 = 1 (mod 2), 9 < r4 < 15. A uniform {3, 4}- LRGDDg
of type 3* with r4 = 16 is given in the Online Resource. Therefore, there exists a uniform
{3,4}-RGDD of type 24* with r4 = 16 by Theorem 2.1. By filling all groups with an appro-
priate URD({3, 4}; 24), we obtain a URD({3, 4}; 96) with r4 = 1 (mod 2), 17 < r4 < 23.
There exists a URD({3, 4}; 96) with r4 = 1 (mod 2), 25 < r4 < 31 by Theorems 1.4, 4.1,
5.16,6.17. O

10 Three new 4-RGDDs

In this section, we improve the result in Theorem 1.4 by eliminating three possible exceptions.

Lemma 10.1 There exists a 4-RGDD of type 214,
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Proof There exists a 5-GDD of type 16712! by Theorem 1.2. Apply Construction 3.3 with
weight 3 and a 4-frame of type 33, which exists by Theorem 1.6. The result is a 4-frame
of type 48°36!. Adjoin 8 infinite points to this frame and fill all groups of size 48 with an
IURD({2,4}; 48+8) with r; = 1 (see [17, Lemma 2.5]), with the infinite points forming the
hole. Fill the group of size 36 together with the infinite points with a URD({2,4}; 44) with
ro = 1, which exists by Theorem 1.4. The result is a URD({2,4}; 284) with r, = 1, which
gives a 4-RGDD of type 2142. O

Lemma 10.2 There exists a 4-RGDD of type 23%.

Proof There exists a TD(7,8) by Theorem 1.3. Truncate a group of this design to size 7. This
gives a {6,7}-GDD of type 8°7'. Apply Construction 3.3 with weight 12 and 4-frames of
types and 126 and 127, which exist by Theorem 1.6. The result is a 4-frame of type 96°84!.

Fill three of the groups of a 4-RGDD of type 32, which exists by Theorem 1.4, with a
URD({2,4};32) with r, = 1, which exists by Theorem 1.4, results in an [URD({2,4}; 96+32)
with 73 = 1 and a hole of size 32. Adjoin 32 infinite points to above frame and fill all groups
of size 96 with this IURD, with the infinite points forming the hole. Fill the group of size
84 together with the infinite points with a URD({2, 4};116) with r, = 1, which exists by
Theorem 1.4. The result is a URD({2, 4};692) with r, = 1, which gives a 4-RGDD of type
2346. O

Lemma 10.3 There exists a 4-RGDD of type 6°*.

Proof Let the point set be (Z106 U {x, y}) x Z3, and let the group set be {{j, j + 53} x Z3 :
Jj=0,1,...,52} U {{x, y} x Z3}{{j,j + 53}. Below are the required base blocks.

{(90,1),(93,1),(95.1),(35.1)} {(74,1),(54,2),(80,2),(75,1)} (0,1),(62,1),(77,1),(79,2)}
{(29,1),(39,1),(98,2),(105,2) } {(44,1),(19,2),(94,1),(87,3)}{(18,1),(28,2),(34,2),(102,2) }
{(41,1),(60,3),(23,3),(40,3)} {(104,1),(81,3),(69,3),(11,2)}{(91,1),(1,3),(58,3),(85,3)}
{(10,1),(78.,2),(82,2),(89,3)} {(59,1),(33,2),(83,3),(68,2)} {(3,1),(20,3),(32,2),(42,1)}
{(5.1),(9.2),(63,2),(72,2) } {(96,1),(4,3),(13,1),(53,2)} {(12,1),(46,1),(100,2),(103,3) }
{(2,1),(76,3),(56,2),(15,3)} {(88,1),(57,1),(38,2),(99,1)}  {(24,1),(65,3),(97,1),(21,2)}
{(36,1),(49,1),(7,2),(25,2)} {(45,1),(61,1),(92,2),(37,1)}  {(47,1),(84,2),(6,1),(14,2)}
{(67.1),(31,3),(8,1),(86,1)} {(101,1),(55,3),(30,3),(16,1)} {(52,1),(64,2),(22,1),(50,2)}
{(70,1),(66,3),(26,3),(71,2)} {(27,1),(48,3),(73,2),(y.1)}  {(17,1),(43,3),(51,.2),(x,1)}

Here, we first develop these blocks (—, mod 3) to get a parallel class. Then, we develop
this parallel class (mod 106, — ) to obtain the 4-RGDD of type 6°* as required. O

Combining the above lemmas and Theorem 1.4, we have:

Theorem 10.4 The necessary conditions for the existence of an k -RGDD of type h", RGDD
(k, h; hn), namely, n > k, hn = 0 (mod k) and h(n — 1) = 0 (mod k — 1), are also
sufficient for

k=2;

k = 3, except for (h,n) € {(2,3), (2, 6), (6, 3)}; and for

k = 4, except for (h,n) € {(2,4), (2, 10), (3,4), (6,4)} and possibly excepting:

5. h =2, 10(mod 12):
h = 2and n € {34,46,52,70, 82,94, 100, 118, 130, 178, 184, 202, 214, 238,
250, 334},
h=10andn € {4, 34,52, 94},
h € [14,454] U {478, 502, 514, 526, 614, 626, 686} and n € {10, 70, 82}.
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6. h=6(mod12): h=6andn € {6,68}; h = 18 and n € {18, 38, 62}.
7. h=9(mod12): h =9andn = 44.
8 h=0(mod12): h=36andn € {11, 14, 15, 18, 23}.
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