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1. Introduction

Let v and A be positive integers, and let K and M be two sets of positive integers. A group divisible design, denoted
GDD, (K, M; v),isatriple (X, G, B), where X is a set with v elements (called points), G is a set of subsets (called groups) of
X, G partitions X, and B is a collection of subsets (called blocks) of X such that:

1. |B] € K foreach B € B;

2. |G| € M foreachG € G;

3. |IBNG| < 1foreachB € Bandeach G € G; and

4. each pair of elements of X from distinct groups is contained in exactly A blocks.

The notation is similar to that used in [1]. Unless otherwise stated, the element set X of a design with v points is labeled
1,2,...,v.If A = 1, the index A is omitted. If K = {k} (respectively M = {m}) then the GDD, (k, M; v) is simply denoted
GDD;_ (k, M; v) (respectively GDD, (K, m; v)). AGDD, (K, 1; v) is called a pairwise balanced design and denoted PBD, (K; v).

In a GDD;, (K, M; v)(X, G, B), a parallel class is a set of blocks of B which partitions X. If B can be partitioned into parallel
classes, then the GDD; (K, M; v) is called resolvable and denoted RGDD, (K, M; v). Analogously, a resolvable PBD; (K; v)
is denoted RPBD; (K; v). A parallel class is called uniform if it contains blocks of only one size. If all parallel classes of an
RPBD;, (K; v) (RGDD; (K, M; v)) are uniform, the design is called uniformly resolvable. Here, a uniformly resolvable design
RPBD;, (K; v) (RGDD, (K, M; v)) is denoted URD; (K; v) (UGDD; (K, M; v)).If . = 1, the index A is omitted. In a URD;, (K; v)
(UGDD; (K, M; v)) the number of parallel classes with blocks of size k, k € K, is denoted ry. A resolvable transversal design,
denoted RTD; (k, g), is equivalent to an RGDD; (k, g; k - ). That is, each block in an RTD; (k, g) contains a point from each
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group. A K-frame, is a GDD (X, G, B) with index X in which the collection of blocks B can be partitioned into holey parallel
classes each of which partitions X \ G for some G € G. We use the usual exponential notation for the types of GDDs and
frames. Thus a GDD or a frame of type 1/ 2/ .. . is one in which there are i groups of size 1, j groups of size 2, and so on. A
K-frame is called uniform if each partial parallel class is of only one block size. It is called completely uniform if for each hole
G the resolution classes which partition X \ G are all of one block size. Due to the fact that the block size is often 3 or 4 in this
paper, set K = {3, 4}. Uniformly resolvable designs with block sizes three and four mean here URD(I%; v) withrs, r4 > 0.
Firstly, the necessary conditions for these designs are given.

Theorem 1.1 ([3], Theorems 1.1 and 3.5). The necessary conditions for the existence of a URD(IA<; v) withrs, r4 > 0 are:

v =0 (mod 12);

14 is odd;

if e > 1, thenv > k?; and

ry = v—1;2~r3 (r3 _ v71;3~r4>'

The fourth condition means that if r5 is given, then r4 is determined, and vice versa. We now give some well-known
results.

Theorem 1.2 ([6]). There exists an RGDD(3, 4; v) and also a URD(IA(; v) with ry = 11if, and only if, v = 0 (mod 12).
Take the groups of the RGDD as an additional parallel class to get the URD.

Theorem 1.3 ([4,7,9,11]). There exists an RGDD(4, 3; v) and also a URD(I?; v) withrs = 1if, and only if, v = 0 (mod 12),
v > 24,

Theorem 1.4. There exists a URD(IA<; v) withry = 3 forall v = 12 (mod 24), v > 36.

Proof. It is shown in [2] that the required design exists for all v = 12 (mod 24), v # 12, and with the possible exceptions

of v = 84, 156. We completely settle this problem by providing a URD(IA<; 84) and a URD(I%; 156) both with r, = 3 in the
Appendix. O

Simple counting arguments show that the following conditions are necessary for the existence of an RGDD(k, m; v) :
v=0 (mod m),v>k-muv=0 (modk),v—m= 0 (mod (k — 1)). The necessary conditions for the existence of an
RGDD(3, m; v) are also sufficient with three exceptions:

Theorem 1.5 ([6,11]). There exists an RGDD(3, m; v) if, and only if, v = 0 (mod m),v > 3 -m,v = 0 (mod 3) and
v —m = 0 (mod 2), except when (v, m) = (6, 2), (12, 2), (18, 3).

In the next section, labeled resolvable designs are introduced. Ingredient designs for recursive constructions, which are

described in section three, are created by some new labeled uniformly resolvable designs. The fourth section contains results
for URD(K; v) withry = 3 and v = 0 (mod 24), and in the last section there are results for URD(K; v) withry = 5.

2. Labeled resolvable designs

We use the concept of labeled resolvable designs in order to get direct constructions for resolvable designs. This concept
was introduced by Shen; see [8,10,11].
Let (X, G, B) be a (U)GDD;, (K, G; v) where X = {ay, az, ..., a,} is totally ordered with orderinga; < a; < --- < a,. For
each block B = {x1, X, ..., X}, k € K, itis supposed that x; < x, < --- < x;. Let Z; be the group of residues modulo A.
k

Lety : B — ZA2 be a mapping where for each B = {x1, x5, ...,xx} € Bk € K,

©(B) = (p(X1,X%2), ..., (X1, Xk), (X2, X3), ..., (X2, Xk), 9(X3,X4), ..., @(Xk—1, Xk)), @ (Xi, Xj) € Zy,

forl<i<j<k
A (U)GDD,; (K, G; v) is said to be a labeled (uniform resolvable) group divisible design, denoted L(U)GDD, (K, G; v), if there
exists a mapping ¢ such that:

1. For each pair {x, y} C X withx < y, contained in the blocks By, By, . .., B;, then ¢;(x, y) = ¢;(x, y)(mod 1) if, and only
if, i = j where the subscripts i and j denote the blocks to which the pair belongs, for 1 <i,j < ;
2. For each block B = {x1, X5, ..., X}, k € K, o(Xr, Xs) + @ (X5, X¢) = (X, X;)(mod L), for1 <r <s<t <k

Its blocks will be denoted in the following form:

(X1 X2+ . Xp; (X1, X2) + . (X1, X))@ (X2, X3) . .. (X2, X)) @(X3, Xg) . .. @(Xk—1, X)), k € K.

The above definition is a little bit more general than the definition by Shen [11] with K = {k} or Shen and Wang [10] for
transversal designs. As special case of type 17, a labeled URD;, (K; v) is denoted LURD;, (K; v).
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Example 2.1. The following is an example of an LURD; (IA<; 12) with ry = 5, where each row forms a parallel class:

(369;212),(1811;011),(4710;201),(2512;01 1),
(2711;011),(1612;022),(459;220),(3810;01 1),
(346;011),(2512;102),(179;212),(81011;201),
(468;220),(1910;220),(3511;201),(2712;121),
(56910;102),(2611;022),(137;201),(4812;000),
(2411;201),(3912;011),(158;121),(6710;10 2),
(789;201),(1611;121),(245;121),(31012;000),
(129;201),(81112;220),(4610;011),(357;022),
(2910;011),(3411;220),(1612;201),(578;121),
(1345;122110),(2689;122110),(7101112;00202 2),
(66911;222000),(14712;011110),(23810;100220),
(391112;212201),(6678;100220),(12410;110022),
(151011;010102),(48912;102212),(2367;222000),
(5661012;020201),(47911;012121),(1238,001011).

Further examples are given in the Appendix. The main application of the labeled designs is to blow up the point set of
a given design using the following theorem, which extends the work of [8] such that it is applicable to labeled (uniform
resolvable) pairwise balanced designs.

Theorem 2.2. If there exists a L(U)GDD, (K, G; v) (with r,ﬁ classes of size k, for each k € K), then there exists a (U)GDD(K, A -
G; A -v), where A - G = {)\ - gi|lg; € G} (withr, = r,é classes of size k, for each k € K).

Proof. Let (X, G, B) be an LRGDD; (K, G; v) where X = {a;, a, ..., a,}. Expanding each point a; € X A times gives the
points {ai’o, s P } i=1,...,v,inthe new design. Any group with g; points becomes a new group with A - g; points.
Each labeled block

(X1 X2+ Xp; (X1, X2) ... (X1, XK@ (X2, X3) . .. @(X2, X1) P (X3, Xg) . .. @(Xk—1, X)), Kk €K,

gives A new blocks {xu, X2 je(x1.x0)> - -+ ’Xk,j+w()<1,><k)}v keK,j=0,...,(A—1),withindices calculated mod (1) and where
all blocks taken together consist of different points. Therefore, each parallel class of the labeled design with blocks of size
k gives a parallel class of the expanded design with blocks of the same size k. For each pair {x,y} C X with x < y from
different groups, let By, B,, . .., B; be the A blocks containing {x, y} and let ¢;(x, y) be the values of ¢(x, y) corresponding
to B;, 1 < i < A.Due to the first condition all pairs {xj,iji(x_y)},i =1,...,1j=0,..., (A — 1), with indices calculated
modulo A, are different. O

A special case for URDs is shown in the following.

Corollary 2.3. If there exists an LURD, (K; v) with r,f classes of size k, for each k € K, then there exists a URD(K U {A}; A - v)
with ry = rf whenk # A, and r, = r} + 1, where we take r} = 0if A & K.

Lemma 2.4. An LURD,, (12; v) exists for (A, v, 14) € {(4, 12, 2), (3, 24, 3), (4, 24, 2)}.
Proof. The designs are all given in the Appendix. O
Lemma 2.5. A URD(IA<; v) with ry = 3 exists for v € {24, 48,72, 84, 96, 156}.

Proof. The cases v = 24, 84 and 156 are given in the Appendix. For the remaining cases use Corollary 2.3, using a
LURD; (K; v) from Lemma 2.4. Specifically (A, v,r3) € {(4,12,2), (3, 24, 3), (4, 24, 2)} gives the required designs for
v = 48,72 and 96, respectively. O

Lemma 2.6. A URD(I%; v) with ry = 5 exists for v € {24, 36, 84, 132, 156, 204}.

Proof. The cases v = 24,84, 132, 156 and 204 are given in the Appendix. For v = 36, use Corollary 2.3 with an LURD3(12; 12)
with ry = 5 from Example 2.1. O

3. Constructions

We now describe some constructions which we use later. Firstly, some Wilson type constructions are shown, where each
point of a master design is expanded and the resulting large blocks are filled with so-called ingredient designs.

Theorem 3.1. There exists a URD(IA<; v) withry = 5 forall v = 0 (mod 48), v > 48.
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Proof. Let v = 0 (mod 12). By Theorem 1.2 we can take as a master design a URD(IA<; v) with ry, = 1. Expand all points of
this master design four times. It is well known that an RGDD(3, 4; 12) and an RTD(4, 4) exist. For each block with k = 3
the expanded block is filled with an RGDD(3, 4; 12) where the expanded points become the groups. Each parallel class with
k = 3 creates four new parallel classes with k = 3. For each block with k = 4 the expanded block is filled with an RTD(4, 4).
The only parallel class with k = 4 creates four new parallel classes with k = 4. The groups of the new design give the fifth
parallel class withk =4. O

Theorem 3.2. There exists a URD(IA<; v) withry =5 forall v = 0 (mod 60), v > 60.

Proof. Let v = 0 (mod 12). By Theorem 1.2 we can take as a master design a URD(IA<; v) with ry, = 1. Expand all points of
this master design five times. It is well known that an RPBD(3; 15), an RTD(3, 5) and an RTD(4, 5) exist. For only one parallel
class of size k = 3 fill each expanded block with an RPBD(3; 15), which also fills all pairs in the expanded groups. For all
other parallel classes with k = 3 fill each expanded block with an RTD(3, 5). For the only parallel class with k = 4 fill each
expanded block with an RTD(4, 5), which gives five parallel classes withk =4. O

Theorem 3.3. [f there exists a URD(IA<; v) withrs > 0,4 = m > 0, then there exists a URD(k; n-v)withry =m,n > 3.

Proof. Suppose that there exists a URD(I%; v) withrs; > 0andry = m > 0.Thenv = 0 (mod 12) and there exists a 3-RGDD
of type v" by Theorem 1.5. Filling the groups with the given URD, gives the desired URD. O

Theorem 3.3 is a special case of Lemma 2.5 in [3].

Theorem 3.4. For v = 0 (mod 24), v > 72, there exist a URD(IA<; v) withry =3 anda URD(IA<; v) withry = 5.

Proof. There exist a URD(IA<; 24) withry, = 3and a URD(IA<; 24) withr, = 5 by Lemmas 2.5 and 2.6, respectively. Therefore,
the assertion follows by Theorem 3.3. O

Theorem 3.5. There exists a URD(IA<; v) withry = 5, forall v = 0 (mod 36), v > 108.
Proof. A URD(IA<; 36) with ry = 5 exists by Lemma 2.6. Hence, the assertion follows by Theorem 3.3. O

Theorem 3.6. If there exist an RPBD(t; v) and an LURD; (K;t - y) and some LUGDD, (K, y;t - y), then there exists an
LURD; (K; v - y) with r,ﬁ, k € K and therefore a URD(K; v - y - A) withr, = r,f when k # A, andr, = rﬁ + 1, where we
takert = 0if L £ K.

Proof. We can take as a master design a RPBD(t; v). Expand all points of this master design y times. For only one parallel
class each expanded block is filled with an LURD; (K; t - y), this filled the pairs within the expanded points. For all other
parallel classes each expanded block is filled with an LUGDD;, (K, y; t - ). All blocks of any parallel class have to be filled
with the same LUGDD;, (K, y; t - y) (if more than one are given). Therefore, each parallel class expands in a way that several
uniform parallel classes are created. Thus, the labeled expanded design is uniformly resolvable. The labeled property in this
design is inherited from the labeled property of the ingredient designs. In a similar manner the uniform property is also
inherited from the ingredients and the master design. The last assertion of Theorem 3.6 follows from Corollary 2.3. O

Theorem 3.7. There exists an LURD4(IA<; v) withry = 2 forallv = 12 (mod 24) and also a URD(IA<; v) withry = 3, for all
v = 48 (mod 96).

Proof. Let v = 3 (mod 6). Take as a master design in Theorem 3.6 an RPBD(3; v), which is well-known to exist; see [1].
Expand each point four times, that is choose y = 4. As ingredient designs, take an LURD4(K; 12) with r, = 2 and an
LUGDD4(3, 4; 12), which are given in the Appendix. The assertion follows by Theorem 3.6. O

Theorem 3.7 gives new LURDs. The URDs can also be constructed with Theorem 3.1.

Theorem 3.8. For v = 4 (mod 12) there exists an LURD4(IA<; 3-v)withry =2,4,...,2-(v—1)/3andalso a URD(IA<; 12 -v)

withry =3,5,...,2-(v—1)/3+ 1.

Proof. Let v = 4 (mod 12). Take as a master design in Theorem 3.6 an RPBD(4; v), which is well-known to exist; see

[1]. Expand each point three times, that is choose y = 3. An LURD4(K; 12) with ry = 2 is provided in the Appendix. An

LUGDD4(3, 3; 12) and a LUGDD4(K, 3; 12) withr, = 2 are also given in the Appendix. The assertion follows by Theorem 3.6.
O

The following contains some further essentially needed constructions from [2].

—3r
Theorem 3.9 ([2], Theorem 2.5). If there exists a uniform {3, 4}-frame of type (g1; 3g71)t(g2; 3% 4! and w = 3 (mod 6) is

such that g; +w = 3 (mod 6), 2 - w < g;, and there exists a URD(K; g, + w) withrs = r (r3 = g2+“’+l‘3r) then there exists

a URD(IA<; g1-t+ g +w)withry =r.
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Theorem 3.10 ([2], Lemmas 3.3 and 3.4). Let vy = 0 (mod 12), r4 odd.

For vo = 914+ 6 - j + 9 with j and integer, j > 0, there exists a uniform K-frame of type (24; 312)t (vo — 9; 33041 474)1 for
allt =1 (mod 3) witht > 1+ W

For vg =9 .14+ 6 -j 4+ 3 with j and integer, j > 0, there exists a uniform I?-frame of type (24; 3) (vg — 3; 34™)! for all
t =1 (mod 3) witht > 14 2%+,

Theorem 3.10 is a little bit more general than the lemmas in [2], but the proof is analogous. The second statement of

Theorem 3.10 is only useful ifj = 0. In all other cases the first variant is more effective, because the bound for ¢ is lower.
For two values of v we need the following:

Construction 3.11 (Weighting [4]). Let (X, G, B) be a GDD, and let w : X — Z U 0 be a weight function on X. Suppose that for
each block B € B, there exists a k-frame of type {w(x) : x € B}. Then there is a k-frame of type {erci wx) : G e G] .

4. Results for uniformly resolvable designs with block sizes three and four and exactly three parallel classes with block
size four

Lemma 2.5 and Theorem 3.4 together with Theorem 1.4 result in:

Theorem 4.1. There exists a URD({3, 4} ; v) with r4 = 3 if, and only if, v = 0 (mod 12), v > 24.

5. Results for uniformly resolvable designs with block sizes three and four and exactly five parallel classes with block
size four

Lemma 5.1. There exists a URD(I%; v) withry =5 forallv = 12 (mod 72), v > 84.

Proof. A URD(IA<; 60) with ry = 5 exists by Theorem 3.2. Since 60 = vg = 9-14+6-j+ 9, withj = 1, then by Theorem 3.10
there exists a K-frame of type (24; 312)! (v — 9; 3'84™)! forall t = 1 (mod 3) witht > 1+ %ﬂ) =55.8ett=4+3i
withi = 1, 2, .... Therefore, by Theorem 3.9 there exist designs URD(IA<; 24-(4+3-i) +60)withry =5,i=1,2,....
That is, all URD(K; 156 + 72 - i) withry = 5,i = 1,2, ... exist.

Due to the third condition of Theorem 1.1 a URD(IA<; 12) with r4 = 5 cannot exist.

AURD(K; 84) with r, = 5 and a URD(K; 156) with ry = 5 exist by Lemma 2.6. O

Lemma 5.2. There exists a URD(I%; v) withry = 5 for all v = 60 (mod 72) except possibly when v = 276, 348.

Proof. AURD (IA<; 36) withr, = 5 exists by Lemma 2.6 and therefore a URD(IA<; 108) withr4, = 5 exists by Theorem 3.3. Since
108 = vp = 9-14+6-j+9, with j = 9, then by Theorem 3.10 there exists a K-frame of type (24; 3'2)" (v — 9; 3%, 4")' for
allt =1 (mod 3) witht > 1+ W = 11.5.Sett = 10+ 3 -iwithi = 1, 2, .... Therefore, by Theorem 3.9 there exist
designs URD(K; 24 - (10 + 3 - i) + 108) withr4 = 5,i = 1,2, .. .. That s, all URD(K; 348 4+ 72 - i) withr, = 5,i = 1,2, ...
exist.

The URD(IA<; 60) with ry = 5 exists by Theorem 3.2. A URD(IA<; 132) withry = 5and a URD(IA<; 204) with r, = 5 exist by
Lemma2.6. 0O

Lemma 5.3. There exists a URD(I?; v) withry = 5 forall v = 36 (mod 72).

Proof. It follows from Lemma 2.6 and Theorem 3.5. O

Lemma 5.4. There exists a URD(IA<; v) withry = 5 for v = 276.

Proof. Take a 4-GDD of type 12415, which exists by Rees [5]. Apply Construction 3.11 with weight 4 and 3-frames of types
4% which is known to exist [7]. The result is a 3-frame of type 48* - 60'. Take a 3-RGDD of type 24 and fill only two groups
with URD (I%; 24) withry = 5,3 = 4 from Lemma 2.6, that gives a so-called incomplete uniformly resolvable design (IURD).
Adjoin 24 infinite points and fill all groups of size 48 of the frame with this IURD, whereas the infinite points form the hole.
The 24 frame-3-parallel cases (pc) are completed with the 24 complete 3-pc of the IURD. Fill the group of size 60 together
with the infinite points with a URD(k ; 84) with ry = 5, r3 = 34 from Lemma 2.6, after completing the 30 frame-3-pc there
remain 4 more 3-pc, which can be completed with the holey 3-pc of the [IURDs. O

Lemma 5.5. There exists a design URD(R ; V) Withry = 5 for v = 348.
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Proof. Take a 4-GDD of type 1849, which exists by Rees [5]. Apply Construction 3.11 with weight 4 and 3-frames of types
4* which is known to exist [7]. The result is a 3-frame of type 724 - 36'. Take a 3-RGDD of type 24* and fill only three groups

with URD (I%; 24) withry = 5,3 = 4 from Lemma 2.6, that gives a so-called incomplete uniformly resolvable design (IURD).
Adjoin 24 infinite points and fill all groups of size 72 of the frame with this I[URD, whereas the infinite points form the hole.
Fill the group of size 36 together with the infinite points with a URD(IA<; 60) with ry = 5, r3 = 22 from Theorem 3.2, which
gives the design as required. O

All five lemmas of this section together with Lemma 2.6, Theorems 3.1 and 3.4 give our main result:

Theorem 5.6. There exists a URD ({3, 4} ; v) withr4 = 5 if, and only if, v = 0 (mod 12) except when v = 12.
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Appendix
This appendix contains ingredient designs required for our constructions. These were found computationally.

Example A.1. There exists a URD(k ; 84) withry = 3.

Proof. Let Z; be the group of residues modulo A. The design is constructed on X = Z, x Z,1. Take the following three parallel
classes with blocks of size four:

P1 ={(0,0), (1,0), (2,0), (3,0)} (mod (—, 21))
P2 = {(07 0)7 (17 1)7 (25 2)’ (37 3)} (mOd (_7 21))
P; ={(0, 3), (1, 2), (2, 1), (3,0)} (mod (—, 21)).

It is well known that there is an RPBD(3; 21) with ten parallel classes. Place a copy of this design on each Z,; set. Denote
the resolution classes by R; j where i € Z, denotes on which copy of Z,; the parallel class is placed andj = 1, ..., 10 are the
ten resolution classes. The parallel classes of the triples are formed as follows:

{(0,0), (1, 4), (2, 15)}(mod (—, 21)) URs3 4 {(0,0), (1, 12), (3, 4 }(mod (—, 21)) URy 4

{(0,0), (1, 10), (2,6)}(mod (—, 21)) URs3
{(0,0), (1, 19), (2, 16)}(mod (—, 21)) UR3 3
{(0,0), (1, 2), (2, 11)}(mod (—, 21)) UR3 4
{(0,0), (1, 13), (2, 8)}(mod (—, 21)) UR3 5
{(0,0), (1,6), (2, 18)}(mod (—, 21)) UR3 ¢
{(0, 0), (1, 18), (2, 1)}(mod (—, 21)) UR3;
{(0,0), (1,7), (2, 14)}(mod (—, 21)) UR3 g
{(0,0), (1, 16), (2, 10)}(mod (—, 21)) UR3 o

{(0’ 0)7 (27 7)’ (3’ 2)}(m0d (_7 21)) ) Rl,]
{(0,0), (2, 17), (3, 11)}(mod (—, 21)) UR;
{(07 O)v (2’ 3)1 (37 1)}(m0d (_v 21)) ) R1,3
{(0, 0), (2, 12), (3, 20)}(mod (—,21)) URy 4
{(0,0), (2,5), (3,19)}(mod (—, 21)) UR; 5
{(0,0), (2,9), (3, 15)}(mod (—, 21)) URq ¢
{(0, 0), (2, 13), (3, 9)}(mod (—, 21)) UR; 7
{(0, 0), (2, 20), (3, 8)}(mod (—, 21)) UR; g
{(0,0), (2,4), (3, 16)}(mod (—, 21)) URq g

{(0,0), (1, 8), (3, 13)}(mod (—, 21)) UR,»
{(0, 0), (1, 17), (3, 5)}(mod (—, 21)) URy 3
{(0, 0), (1, 14), (3, 7)}(mod (—, 21)) URy 4
{(07 0)7 (1’ 9)’ (35 6)}(m0d (_a 21)) U RZ,S

{(0,0), (1, 3), (3, 10)}(mod (—, 21)) URy ¢
{(0,0), (1,5), (3, 17)}(mod (—, 21)) UR, ;
{(0,0), (1, 15), (3, 14)}(mod (—, 21)) UR, 5
{(0,0), (1, 11), (3, 12)}(mod (—, 21)) URy o

{(1,0), (2, 14), (3,4 }(mod (—, 21)) URy 1
{(17 0)1 (2’ 6)’ (33 3)}(m0d (_a 2])) ) R0,2
{(1,0), (2,8), (3, 11)}(mod (—, 21)) URg 3
{(1, 0), (2, 13), (3, 15)}(mod (—, 21)) URg 4
{(la O)a (27 2)7 (33 6)}(m0d (_a 21)) ) RO,S
{(1,0), (2, 10), (3, 17)}(mod (—, 21)) URy 6
{(1,0), (2, 3), (3, 16)}(mod (—, 21)) URy 7
{(1,0), (2, 19), (3, 8)}(mod (—, 21)) URy s
{(1,0), (2,5), (3, 10)}(mod (—, 21)) URg g

The last parallel class of triples is given by U?:o Ri1o. O

Example A.2. There exists a URD(k ; 156) withry = 3.

Proof. Let Z; be the group of residues modulo A. The design is constructed on X = Z, x Z3q9. Take the following three parallel
classes with blocks of size four:

P; = {(0,0), (1,0), (2, 0), (3,0)} (mod (—, 39))
P2 = {(07 0)7 (17 1)7 (25 2)’ (37 3)} (mOd (_7 39))
P; ={(0, 4), (1, 3), (2, 2), (3,0)} (mod (—, 39)).
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It is well known that there is an RPBD(3; 39) with 19 parallel classes. Place a copy of this design on each Z3g set. Denote
the resolution classes by R; ; where i € Z4 denotes on which copy of Z39 the parallel classis placedandj = 1, ..., 19 are the
resolution classes. The parallel classes of the triples are formed as follows:

{(0,0), (1,9), (2,26)}(mod (—, 39)) URs 3
{(0,0), (1, 32), (2,5)}(mod (—, 39)) URs3,
{(07 0)’ (17 6)7 (2’ 4)}(m0d (_7 39)) U R3,3
{(0,0), (1, 17), (2, 33)}(mod (—, 39)) UR3 4
{(0,0), (1, 11), (2, 8)}(mod (—, 39)) UR3 5
{(0,0), (1, 31), (2, 3)}(mod (—, 39)) UR3 ¢
{(0, 0), (1, 15), (2, 23)}(mod (—, 39)) UR3 7
{(0,0), (1, 19), (2, 29)}(mod (—, 39)) URs g
{(0,0), (1, 24), (2,9)}(mod (—, 39)) UR3 g
{(0, 0), (1, 33), (2, 36)}(mod (—, 39)) UR3 10
{(0,0), (1, 14), (2, 28)}(mod (—, 39)) URs3 13
{(0’ 0)7 (17 7)’ (2’ 20)}(m0d (_a 39)) U R3,12
{(0,0), (1, 34), (2, 24)}(mod (—, 39)) URs 13
{(0, 0), (1, 37), (2, 18)}(mod (—, 39)) UR3 14
{(0,0), (1, 16), (2, 21)}(mod (—, 39)) URs 15
{(07 0)’ (17 8)7 (2’ 14)}(m0d (_7 39)) U R3,16
{(0, 0), (1, 22), (2, 17)}(mod (—, 39)) UR3 17
{(0,0), (1, 21), (2, 15)}(mod (—, 39)) URs 13

{(0, 0), (2, 12), (3, 37)}(mod (—, 39)) U R ;
{(0,0), (2, 34), (3, 38)}(mod (—, 39)) UR; »
{(0,0), (2, 30), (3, 15)}(mod (—, 39)) UR; 3
{(0,0), (2, 35), (3, 28)}(mod (—, 39)) UR; 4
{(0, 0), (2, 38), (3, 10)}(mod (—, 39)) UR; 5
{(0,0), (2,6), (3,20)}(mod (—, 39)) UR; ¢
{(0,0), (2, 16), (3, 24)}(mod (—, 39)) UR; 7
{(0, 0), (2, 13), (3, 12)}(mod (—, 39)) UR; g
{(0,0), (2, 27), (3, 8)}(mod (—, 39)) URy o
{(O’ 0)7 (27 7)7 (3» 16)}(m0d (_7 39)) U Rl,]O
{(O’ 0)7 (27 25)’ (39 2)}(m0d (_v 39)) ) Rl,ll
{(0,0), (2, 19), (3, 14)}(mod (—, 39)) UR; 12
{(0,0), (2,31), (3,27)}(mod (—, 39)) UR; 13
{(0,0), (2, 32), (3,29)}(mod (—, 39)) UR; 14
{(Ov 0)7 (2’ 1)7 (37 23)}(m0d (_a 39)) ) Rl,]S
{(Oa 0)7 (21 11)’ (33 5)}(m0d (_a 39)) U Rl,]ﬁ
{(0,0), (2, 22), (3, 25)}(mod (—, 39)) UR; 17
{(0, 0), (2, 10), (3, 22)}(mod (—, 39)) UR; 15

{(0, 0), (1, 10), (3, 18)}(mod (—, 39)) UR; ;
{(0,0), (1, 29), (3,33)}(mod (—, 39)) UR,»
{(0,0), (1, 25), (3, 26)}(mod (—, 39)) UR, 3
{(0, 0), (1, 36), (3, 19)}(mod (—, 39)) UR; 4
{(Oa 0)5 (17 2)7 (33 7)}(m0d (_a 39)) U R2,5
{(0,0), (1,5), (3,34)}(mod (—, 39)) URy ¢
{(0, 0), (1, 12), (3, 1)}(mod (—, 39)) UR, 7
{(Ov 0)7 (17 3)7 (37 6)}(m0d (_7 39)) U R2,8
{(0,0), (1, 27), (3,9)}(mod (—, 39)) URy g
{(0, 0), (1, 20), (3, 32)}(mod (—, 39)) UR; 10
{(0, 0), (1, 23), (3, 30)}(mod (—, 39)) UR; 11
{(0,0), (1, 13), (3, 36)}(mod (—, 39)) UR, 12
{(0’ 0)7 (17 18)» (37 4)}(m0d (_v 39)) ) R2,13
{(0, 0), (1, 28), (3, 21)}(mod (—, 39)) UR; 14
{(Oa 0)5 (17 4)7 (33 17)}(m0d (_a 39)) ) RZ,]S
{(0,0), (1, 35), (3, 31)}(mod (—, 39)) URy 16
{(0, 0), (1, 26), (3, 13)}(mod (—, 39)) UR; 17
{(0,0), (1, 30), (3, 11)}(mod (—, 39)) UR; 13

{(1,0), (2,7), (3,24)}(mod (—, 39)) URg 1
{(1,0), (2, 32), (3, 16)}(mod (—, 39)) URy»
{(1,0), (2, 25), (3,38)}(mod (—, 39)) URg 3
{(1,0), (2, 15), (3, 17)}(mod (—, 39)) URp.4
{(1,0), (2,9), (3, 14)}(mod (—, 39)) URy 5
{(1,0), (2, 28), (3, 10)}(mod (—, 39)) URp 6
{(1,0), (2, 35), (3, 15)}(mod (—, 39)) URg 7
{(1,0), (2, 18), (3, 9)}(mod (—, 39)) URy s
{(1,0), (2,31), (3, 19)}(mod (—, 39)) URg g
{(17 0)7 (2’ 4)9 (35 30)}(m0d (_’ 39)) ) RO,]O
{(17 0)7 (29 2)’ (39 31)}(m0d (_v 39)) ) RO,]l
{(1,0), (2, 19), (3, 34)}(mod (—, 39)) URy 12
{(1,0), (2, 30), (3, 37)}(mod (—, 39)) URg 13
{(1,0), (2,22), (3, 11)}(mod (—, 39)) U Rp 14
{(1,0), (2, 26), (3, 18)}(mod (—, 39)) U R, 15
{(1,0), (2, 23), (3,33)}(mod (—, 39)) URp 16
{(1’ 0)7 (27 27)’ (37 6)}(m0d (_7 39)) ) R0,17
{(1,0), (2,21), (3, 27)}(mod (—, 39)) URp. 15

The last parallel class of triples is given by Ufzo Ri19.
Unless otherwise stated, the element set of a design with v points is labeled 1,2, ...,v. O

Example A.3. An LURD, (IA<; 12) with r4 = 2; each row forms a parallel class:

1812;033),(2311;000),(4610;103),(579;213),
8910;202),(2611;312),(145;,011),(3712;312),
279;022),(51012;110),(348;000),(1611;01 1),
569;323),(478;213),(2310;231),(11112;21 3),
179;011),(3610;301),(4512;220),(2811;02 2),
6910;000),(247;231),(138;231),(61112;022),
(2712;220),(158;220),(369;132),(41011;21 3),
(71011;110),(6812;220),(345;103),(129;231),
(359;323),(147;213),(21012;132),(6811;033),
(56810;121),(1211;033),(467;000),(3912; 10 3),
(246;323),(179;,220),(81012;213),(3511;21 3),
(258;213),(3711;033),(91012;121),(146;312),
(2912;301),(678;330),(1310;022),(4511;022),
(3511;121),(249;000),(1612;220),(7810;103),

(
(
(
(
(
(



E. Schuster / Discrete Mathematics 309 (2009) 2452-2465 2459

(236;312),(4812;312),(71011;202),(159;000),
(91112;000),(567;231),(1410;103),(238;132),
(2412;110),(5710;103),(8911;103),(136;330),
(257;110),(689;110),(3412;323),(11011;301),
(4911;301),(378;132),(1210;110),(56612;033),
(671112;201231),(1258;331022),(34910;203213),
(48911;213312),(25610;302132),(13712;130231).

Example A.4. LURD; (IA<; 24) with r, = 3; each row forms a parallel class:

(11723;102),(21824;121),(31921;011),(42022;000),(56913;201),(61014;022),(71115;220),(81216;212),
(51121;011),(61222;022),(7923;011),(81024;011),(11618;000),(21319;000),(31420;011),(41517;011),
(51417;102),(61518;212),(71619;011),(81320;110),(1921;121),(21022;110),(31123;102),(41224;022),
(91418;212),(101519;011),(111620;000),(121317;220),(1522;000),(2623;212),(3724;,022),(4821;212),
(11020;011),(21117;000),(31218;110),(4919;121),(561623;011),(61324;102),(71421;121),(81522;102),
(11524;102),(21621;000), (31322;022),(41423;201),(51220;110),(6917;201),(71018;102),(81119;220),
(131821;011),(141922;212),(152023;102),(161724;102),(1712;011),(289;110),(3510;022),(4611;220),
(1619;011),(2720;220),(3817;220),(4518;110),(91622;000),(101323;000),(111424;212),(121521;011),
(92024;022),(101721;212),(111822;000),(121923;121),(1814;220),(2515;102),(3616;201),(4713;121),
(51924;011),(62021;000),(71722;011),(81823;000),(11113;102),(21214;201),(3915;220),(41016;121),
(21824;212),(1319;201),(42022;121),(52123;022),(61014;110),(71115;102),(81216;000),(91317;022),
(61222;201),(71323;201),(81024;220),(1911;022),(21719;212),(31420;220),(41521;220),(51618;121),
(61518;121),(71619;220),(81720;102),(91421;102),(21022;201),(31123;220),(41224;201),(1513;212),
(101519;102),(111620;212),(121721;000),(131418;121),(2623;000),(3724;201),(148;110),(56922;121),
(21121;212),(31218;201),(41319;011),(51020;102),(61724;220),(1714;212),(81522;011),(91623;220),
(1216;011),(31722;110),(41423;022),(51524;121),(61321;212),(71018;220),(81119;102),(91220;121),
(141922;000), (1520 23;220),(162124;212),(11718;011),(2813;220),(3910;000),(4611;011),(5712;102),
(2720;011),(3821;121),(4918;000),(5619;110),(101723;011),(111424;000),(11215;022),(131622;01 1),
(11021;110),(111822;121),(121923;000),(132024;110),(2915;011),(3616;022),(4717;201),(56814;121),
(1620;102),(72122;000),(81823;121),(91924;000),(21214;022),(31315;201),(41016;212),(51117;121),
(1319;022),(2420;102),(52123;201),(62224;110),(71115;011),(81216;121),(91317;201),(101418;110),
(71323;022),(81424;201),(1911;201),(21012;011),(31820;201),(41521;102),(51622;212),(61719;121),
(71619;102),(81720;220),(91821;220),(101522;220),(31123;011),(41224;110),(1513;121),(2614;110),
(111620;121),(121721;121),(131822;102),(141519;110),(3724;110),(148;201),(259;220),(61023;212),
(31222;000),(41319;102),(51420;022),(61121;220),(1718;121),(2815;022),(91623;102),(1017 24;121),
(2317;110),(41823;212),(51524;000),(1616;220),(71422;022),(81119;011),(91220;21 2),(101321;220),
(152023;011),(162124;121),(11722;212),(21819;022),(3914;110),(41011;000),(5712;220),(6813;102),
(3821;000),(4922;212),(51019;022),(6720;212),(111824;220),(11215;201),(21316;121),(1417 23;000),
(21122;121),(121923;212),(132024;201),(11421;000),(31016;110),(4717;022),(5818;212),(6915;102),
(2721;121),(82223;212),(91924;212),(11020;220),(31315;110),(41416;102),(51117;212),(61218;102),
(1234;110022),(5678;000000),(9101112;100220),(13141516;222000),(17181920;201121),(21222324;200110),
(2345;,200110),(6789,120121),(10111213;101201),(14151617;211220),(18192021;002022),(1222324;221022),
(3456;021212),(78910;210212),(11121314;111000),(15161718;100220),(19202122;201121),(122324;212201).

Example A.5. An LURD, (IA<; 24) with ry = 2; each row forms a parallel class:

(1924;301),(71920;011),(21423;011),(3613;220),(121721;033),(81016;121),(4522;022),(111518;121),
(21024;301),(82021;323),(1315;213),(4714;323),(131822;312),(91117;301),(5623;301),(121619;231),
(31124;000),(92122;103),(2416;011),(5815;011),(141923;000),(101218;000),(167;000), (1317 20;213),
(41224;220),(102223;330),(3517;312),(6916;103),(11520;000),(111319;323),(278;000),(141821;011),
(561324;312),(11123;000),(4618;011),(71017;110),(21621;022),(121420;323),(389;220),(151922;110),
(61424;220),(1212;220),(5719;103),(81118;110),(31722;000),(131521;121),(4910;121),(162023;231),
(71524;022),(2313;220),(6820;330),(91219;011),(41823;000),(141622;121),(51011;220), (117 21;132),
(81624;312),(3414;121),(7921;202),(101320;110),(1519;213),(151723;121),(61112;000), (21822;000),
(91724;231),(4515;312),(81022;011),(111421;220),(2620;202),(11618;011),(71213;330),(31923;011),
(101824;121),(56616;033),(91123;231),(121522;312),(3721;231),(21719;022),(81314;220),(1420;022),
(111924;132),(6717;312),(11012;103),(131623;220),(4822;033),(31820;330),(91415;301),(2521;21 3),
(122024;330),(7818;323),(21113;000),(11417;301),(6923;330),(41921;011),(101516;301),(3622;110),
(132124;330),(8919;110),(31214;110),(21518;213),(1610;3071),(52022;330),(111617;202),(4723;011),
(1422 24;330),(91020;022),(41315;022),(31619;022),(2711;220),(62123;033),(121718;213),(158;01 1),
(152324;312),(101121;323),(51416;323),(41720;132),(3812;103),(1722;323),(131819;000),(269;323),
(11624;110),(111222;132),(61517;202),(51821;022),(4913;033),(2823;220),(141920;103),(3710;000),
(21724;110),(121323;213),(71618;213),(61922;011),(51014;301),(139;000),(152021;220),(4811;323),
(31824;132),(11314;022),(81719;000),(72023;220),(61115;132),(2410;301),(162122;121),(56912;022),
(41924;103),(21415;103),(91820;202),(1821;323),(71216;000),(3511;011),(172223;202),(61013;213),
(52024;103),(31516;033),(101921;213),(2922;033),(81317;323),(4612;231),(11823;213),(71114;213),
(62124;103),(41617;323),(112022;213),(31023;330),(91418;202),(5713;301),(1219;033),(81215;220),
(72224;011),(561718;330),(122123;220),(1411;231),(101519;000), (6814;213),(2320;312),(91316;220),
(82324;301),(61819;312),(11322;132),(2512;323),(111620;011),(7915;132),(3421;323),(101417;312),
(11723;323),(21824;323),(31921;110),(42022;011),(6913;121),(61014;000),(71115;323),(81216;103),
(51121;011),(61222;323),(7923;301),(81024;323),(11618;330),(21319;301),(31420;301),(41517;330),
(561417;103),(61518;022),(71619;323),(81320;022),(1921;213),(21022;220),(31123;323),(41224;011),
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(91418;033),(101519;132),(111620;330),(121317;110),(1522;301),(2623;132),(3724;323),(4821;220),
(11020;213),(21117;323),(31218;323),(4919;323),(61623;011),(61324;330),(71421;022),(81522;323),
(11524;330),(21621;330),(31322;330),(41423;323),(61220;121),(6917;033),(71018;202),(81119;033),
(131821;110),(141922;213),(152023;312),(161724;033),(1712;231),(289;312),(3510;110),(4611;132),
(1619;202),(2720;330),(3817;033),(4518;132),(91622;110),(101323;220),(111424;121),(121521;213),
(92024;301),(101721;330),(111822;323),(121923;033),(1814;000),(2515;033),(3616;022),(4713;220),
(51924;121),(62021;121),(71722;011),(81823;022),(11113;132),(21214;121),(3915;121),(41016;022),
(1319;323),(2420;121),(52123;022),(62224;312),(71115;110),(81216;011),(91317;011),(101418;231),
(71323;231),(81424;132),(1911;121),(21012;132),(31820;011),(41521;000),(51622;103),(617 19;23 1),
(71619;110),(81720;110),(91821;103),(101522;220),(31123;202),(41224;132),(1513;121),(2614;033),
(111620;103),(121721;301),(131822;231),(141519;033),(3724;110),(148;121),(259;132),(61023;301),
(31222;220),(41319;132),(51420;202),(61121;330),(1718;103),(2815;110),(91623;022),(1017 24;202),
(2317;132),(41823;231),(561524;033),(1616;121),(71422;220),(81119;220),(91220;110),(101321;000),
(152023;103),(162124;312),(11722;213),(21819;213),(3914;301),(41011;301),(6712;202),(6813;121),
(3821;301),(4922;202),(51019;121),(6720;103),(111824;110),(11215;121),(21316;121),(1417 23;022),
(21122;110),(121923;202),(132024;312),(11421;103),(31016;213),(4717;103),(6818;312),(6915;213),
(2721;103),(82223;011),(91924;220),(11020;330),(31315;110),(41416;000),(51117;312),(61218;202),
(1234;113022),(5678;202202),(9101112;203213),(13141516;133220),(17181920;231132),(21222324;211330),
(3456;023231),(78910;103323),(11121314;210323),(15161718;230121),(19202122;022220),(122324;332033).

Example A.6. A URD(IA<; 24) with r4 = 3 calculated with DESIGN [12]; each row forms a parallel class:

{1,3,6},{2,9, 11}, {4, 13,24}, {5, 7, 10}, {8, 16, 17}, {12, 20, 21}, {14, 18, 22}, {15, 19, 23},
(1,4, 11}, {2, 22, 23}, {3, 5, 8}, {6, 14, 15}, {7, 9, 12}, {10, 18, 19}, {13, 17, 21}, {16, 20, 24},
{1,5,9},{2,6, 10}, {3, 23, 24}, {4, 14, 21}, {7, 15, 16}, {8, 13, 18}, {11, 19, 20}, {12, 17, 22},
(1,8, 10}, {2, 4,7}, {3, 13,20}, {5, 21, 23}, {6, 22, 24}, {9, 14, 19}, {11, 15, 17}, {12, 16, 18},
(1,17, 19}, {2, 18, 20}, {3, 10, 12}, {4, 6, 9}, {5, 15, 22}, {7, 13, 23}, {8, 14, 24}, {11, 16, 21},
{1, 18,23}, {2, 5, 12}, {3, 19, 21}, {4, 20, 22}, {6, 8, 11}, {7, 17, 24}, {9, 13, 15}, {10, 14, 16},
{1,21,22},{2, 19,24}, (3,7, 11}, {4, 8, 12}, {5, 13, 14}, {6, 16, 23}, {9, 17, 18}, {10, 15, 20},
{1,2, 13, 16}, {3, 4, 15, 18}, {5, 6, 17, 20}, {7, 8, 19, 22}, {9, 10, 21, 24}, {11, 12, 14, 23},

(1,7, 14,20}, {2, 8, 15,21}, {3,9, 16, 22}, {4, 10, 17, 23}, {5, 11, 18, 24}, {6, 12, 13, 19},

(1,12, 15,24}, {2, 3, 14, 17}, {4, 5, 16, 19}, {6, 7, 18, 21}, {8, 9, 20, 23}, {10, 11, 13, 22}.

Example A.7. A URD(IA<; 24) with r4 = 5 calculated with DESIGN [12]; each row forms a parallel class:

{1,5,9},{2,6,10},{3,7, 11}, {4, 8, 12}, {13, 17, 21}, {14, 18, 22}, {15, 19, 23}, {16, 20, 24},
(1,6, 16}, {2, 15, 20}, {3, 10, 13}, {4, 9, 19}, {5, 18, 23}, {7, 12, 22}, {8, 14, 21}, {11, 17, 24},
{1,8,23},{2,7, 17}, {3, 16, 21}, {4, 11, 14}, {5, 10, 20}, {6, 19, 24}, {9, 15, 22}, {12, 13, 18},
(1,14, 19}, {2,9, 24}, {3, 8, 18}, {4, 17, 22}, {5, 12, 15}, {6, 11, 21}, {7, 13, 20}, {10, 16, 23},
{1,2,4,13},{3,9, 17, 23}, {5, 21, 22, 24}, {6, 12, 14, 20}, {7, 8, 10, 19}, {11, 15, 16, 18},
(1,3, 12,24}, {2, 18, 19, 21}, {4, 5, 7, 16}, {6, 13, 22, 23}, {8, 9, 11, 20}, {10, 14, 15, 17},
(1,7, 15,21}, {2, 11, 12, 23}, {3, 19, 20, 22}, {4, 10, 18, 24}, {5, 6, 8, 17}, {9, 13, 14, 16},
{1,10, 11,22}, {2, 3,5, 14}, {4, 20, 21, 23}, {6, 7, 9, 18}, {8, 13, 15, 24}, {12, 16, 17, 19},
{1,17, 18,20}, {2, 8, 16, 22}, {3, 4, 6, 15}, {5, 11, 13, 19}, {7, 14, 23, 24}, {9, 10, 12, 21}.

Example A.8. There exists a URD(IA<; 84) withry = 5.

Proof. Let Z; be the group of residues modulo A. The design is constructed on X = Z, x Z,;. Take the following five parallel
classes with blocks of size four:

Pl = {(07 0)7 (1’ O)» (25 O)a (37 0)} (mOd (_7 2]))
P, ={(0,0), (1, 1), (2,2), (3, 3)} (mod (—, 21))
P3 = {(07 3)7 (17 2)7 (2’ 1)3 (37 0)} (mOd (_7 21))
P4 = {(07 0)7 (1’ 2)? (23 4)5 (37 7)} (mOd (_7 2]))
Ps ={(0,7), (1,5), (2, 3), (3,0)} (mod (—, 21)).

It is well known that there is an RPBD(3; 21) with ten parallel classes. Place a copy of this design on each Z,; set. Denote
the resolution classes by R; ; where i € Z4 denotes on which copy of Z,; the parallel class is placedandj = 1, ..., 10 are the
ten resolution classes. The parallel classes of the triples are formed as follows:

{(0,0), (1, 11), (2, D}(mod (—, 21)) UR3 1 {(0,0), (2,9), (3, 11)}(mod (—, 21)) UR; 1
{(0’ 0)7 (17 7)7 (2’ 3)}(m0d (_’ 21)) ) R3,2 {(07 O)v (27 7)9 (3’ 12)}(m0d (_7 21)) ) R1,2
{(0,0), (1, 16), (2, 20)}(mod (—,21))UR33 {(0,0), (2, 11), (3, 20)}(mod (—, 21)) UR; 3
{(07 O)v (]» 10)’ (27 5)}(m0d (_7 21)) ) R3,4 {(07 0)7 (27 6)? (35 4)}(m0d (_7 21)) ) R1,4
{(0, 0), (1, 13), (2, 10)}(mod (—,21))UR35 {(0, 0), (2, 18), (3, 8)}(mod (—, 21)) UR; 5
{(0, 0), (1, 15), (2, 8)}(mod (—, 21)) UR3 ¢ {(0,0), (2, 13), (3, 19)}(mod (—, 21)) URy 6
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{(0,0), (1, 4), (2, 16)}(mod (—, 21)) UR3; {(0, 0), (2, 14), (3, 10)}(mod (—, 21)) UR; 7
{(0,0), (1,5), (2, 12)}(mod (—, 21)) UR3 g {(0,0), (2, 15), (3,6)}(mod (—,21)) UR; 5
{(0,0), (1, 6), (3, 17)}(mod (—, 21)) URy 1 {(1,0), (2,8), (3, 18)}(mod (—, 21)) URg 1
{(07 0)7 (17 3)3 (3’ 13)}(m0d (_7 21)) ) R2,2 {(17 0)7 (27 6)7 (35 1)}(m0d (_7 21)) ) R0,2
{(0,0), (1, 17), (3,5)}(mod (—, 21)) UR, 5 {(1,0), (2, 3), (3, 17)}(mod (—, 21)) URg 3
{(0,0), (1,9), (3, 15)}(mod (—, 21)) URy 4 {(1,0), (2, 10), (3, 14)}(mod (—, 21)) URy 4
{(0,0), (1, 14), (3, D}(mod (—, 21)) URy 5 {(1,0), (2, 13), (3, 20)}(mod (—,21)) URgy 5
{(0,0), (1, 12), (3, 16)}(mod (—, 21))UR,s {(1,0), (2,5), (3, 13)}(mod (—, 21)) URg¢
{(07 O)v (]’ 8)1 (37 2)}(m0d (_v 21)) ) R2,7 {(1’ O)v (27 15)9 (37 7)}(m0d (_7 21)) ) R0,7
{(0’ 0)7 (17 18)’ (3’ 9)}(m0d (_7 21)) U R2,8 {(17 O)’ (27 9)9 (37 3)}(m0d (_7 21)) ) RO,S

The last both parallel classes of triples are given by U?:o Rig¢and U?zo Riwo. O

Example A.9. There exists a URD(IA(; 132) withry = 5.

Proof. Let Z, be the group of residues modulo A. The design is constructed on X = Z, x Z33. Take the following five parallel
classes with blocks of size four:

P, = {(0,0), (1,0), (2,0), (3,0)} (mod (—, 33))
P, ={(0,0), (1, 1), (2, 2), (3, 3)} (mod (—, 33))
P; ={(0, 3), (1,2), (2, 1), (3,0)} (mod (—, 33))
P4 = {(07 0)7 (17 2)9 (21 4)’ (37 6)} (mOd (_7 33))
Ps = {(0, 6), (1,4), (2, 2), (3,0)} (mod (—, 33)).

It is well known that there is an RPBD(3; 33) with 16 parallel classes. Place a copy of this design on each Z55 set. Denote
the resolution classes by R; ; where i € Z4 denotes on which copy of Z33 the parallel class is placedandj =1, .. ., 16 are the
16 resolution classes. The parallel classes of the triples are formed as follows:

{(0, 0), (1, 23), (2, 32)}(mod (—, 33)) UR3 4 {(0, 0), (2,21), (3, 16)}(mod (—, 33)) UR; ;
{(0, 0), (1, 24), (2, 3)}(mod (—, 33)) UR3; {(0,0), (2, 15), (3,4 }(mod (—, 33)) URq»
{(0,0), (1, 20), (2, 7)}(mod (—, 33)) UR3 3 {(0,0), (2,5), (3,28)}(mod (—, 33)) UR; 3
{(0, 0), (1, 25), (2, 10)}(mod (—, 33)) UR3 4 {(0, 0), (2, 26), (3, 13)}(mod (—, 33)) UR; 4
{(0,0), (1, 13), (2, 19)}(mod (—, 33)) UR3 5 {(0, 0), (2,28), (3, 31)}(mod (—, 33)) UR; 5
{(0,0), (1, 27), (2,23)}(mod (—, 33)) URs¢ {(0,0), (2, 13), (3,26)}(mod (—, 33)) UR; 6
{(0,0), (1, 17), (2, 20)}(mod (—, 33)) URs 7 {(0,0), (2,8), (3,25)}(mod (—, 33)) URy 7
{(0, 0), (1, 16), (2, 9)}(mod (—, 33)) URs g {(0, 0), (2,27), (3, 8)}(mod (—, 33)) UR; 5
{(0,0), (1, 22), (2, 14)}(mod (—, 33)) UR5 ¢ {(0,0), (2,17), (3,21)}(mod (—, 33)) UR; ¢
{(07 0)’ (17 9)7 (2’ 25)}(m0d (_’ 33)) U R3,10 {(0’ 0)7 (27 1)» (31 17)}(m0d (_7 33)) ) Rl,]O
{(O’ 0)7 (17 15)9 (27 6)}(m0d (_7 33)) U R3,11 {(07 0)7 (29 22)’ (3’ 7)}(m0d (_7 33)) ) Rl,ﬂ
{(Oa O)a (17 3)’ (27 30)}(m0d (_a 33)) ) R3,12 {(Oa 0)7 (27 12)9 (33 18)}(m0d (_7 33)) U R1,12
{(0,0), (1, 11), (2, 18)}(mod (—, 33)) URs 13  {(0,0), (2, 16), (3, 12)}(mod (—, 33)) UR; 13
{(0, 0), (1,29), (2, 24)}(mod (—,33)) URs 14 {(0,0), (2, 11), (3, 19)}(mod (—, 33)) UR; 14

{(0,0), (1, 19), (3, 14)}(mod (—, 33)) URy 4 {(1,0), (2,5), (3, 10)}(mod (—, 33)) URg 1
{(0,0), (1, 30), (3, 10)}(mod (—, 33)) UR,» {(1,0), (2, 17), (3, 11)}(mod (—, 33)) URy 2
{(0,0), (1,6), (3,22)}(mod (—, 33)) URy 3 {(1,0), (2, 10), (3, 7)}(mod (—, 33)) URg 3
{(0, 0), (1, 26), (3, 2)}(mod (—, 33)) URy 4 {(1,0), (2,22), (3, 1)}(mod (—, 33)) URg 4
{(0,0), (1,7), (3, 1)}(mod (—, 33)) UR, 5 {(1,0), (2, 14), (3, 25)}(mod (—, 33)) URg 5
{(0,0), (1, 21), (3,5)}(mod (—, 33)) URy 6 {(1,0), (2, 13), (3,5)}(mod (—, 33)) URg ¢
{(0, 0), (1, 10), (3, 32)}(mod (—, 33)) UR, 7 {(1,0), (2, 19), (3, 26)}(mod (—, 33)) URy 7
{(0,0), (1, 5), (3, 20)}(mod (—, 33)) URy 5 {(1,0), (2,21), (3,3)}(mod (—, 33)) URg s
{(0,0), (1, 8), (3,29)}(mod (—, 33)) URy 9 {(1,0), (2, 11), (3, 32)}(mod (—, 33)) URp 9
{(O’ O)v (19 18)’ (37 9)}(m0d (_v 33)) U R2,10 {(17 0)7 (29 15)9 (37 8)}(m0d (_v 33)) ) R0,10
{(0,0), (1, 12), (3, 24)}(mod (—, 33)) URy 11 {(1,0), (2, 23), (3, 14)}(mod (—, 33)) URp 11
{(O’ 0)7 (1’ 28)9 (35 ]5)}(m0d (_7 33)) ) RZ,]Z {(]7 0)7 (2’ 8)9 (35 ]8)}(m0d (_7 33)) ) RO,]Z
{(O’ O)v (17 4)’ (39 23)}(m0d (_’ 33)) U R2,13 {(17 0)7 (2’ 4)’ (31 23)}(m0d (_v 33)) ) R0,13
{(07 0)7 (17 14)7 (35 11)}(m0d (_7 33)) ) R2,14 {(17 0)7 (27 30)? (3’ 6)}(m0d (_7 33)) ) RO,]4

The last both parallel classes of triples are given by U?:o Ri 15 and U?:o Riw. O

Example A.10. There exists a URD(IA(; 156) withry = 5.
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Proof. Let Z; be the group of residues modulo A. The design is constructed on X = Z, x Z3q. Take the following five parallel
classes with blocks of size four:

Py ={(0,0), (1,0), (2, 0), (3,0)} (mod (—, 39))
P2 = {(07 O)v (17 1)7 (25 2)’ (37 3)} (mOd (_7 39))
P3 = {(Oa 3)7 (]v 2)7 (23 1)7 (37 0)} (mOd (_a 39))
P, ={(0,0), (1,2), (2,4), (3,6)} (mod (—, 39))
Ps = {(0, 6), (1,4), (2, 2), (3,0)} (mod (—, 39)).

It is well known that there is an RPBD(3; 39) with 19 parallel classes. Place a copy of this design on each Z3q set. Denote
the resolution classes by R; ; where i € Z4 denotes on which copy of Z39 the parallel classis placedandj =1, ..., 19 are the
resolution classes. The parallel classes of the triples are formed as follows:

{(0,0), (1, 3), (2, 19)}(mod (—, 39)) UR3 1 {(0,0), (1, 14), (3, 1)}(mod (—, 39)) UR; 1
{(0,0), (1,4), (2,23)}(mod (—, 39)) UR3» {(0,0), (1, 12), (3, 23)}(mod (—, 39)) UR,»
{(0, 0), (1,5), (2,22)}(mod (—, 39)) UR3 3 {(0, 0), (1, 30), (3, 13)}(mod (—, 39)) UR; 3
{(0,0), (1,6), (2,26)}(mod (—, 39)) UR3 4 {(0,0), (1, 23), (3, 2)}(mod (—, 39)) URy 4
{(0,0), (1, 34), (2, 13)}(mod (—, 39)) UR3 5 {(0,0), (1, 20), (3, 17)}(mod (—, 39)) URy 5
{(0, 0), (1, 13), (2, 28)}(mod (—, 39)) UR3 6 {(0, 0), (1, 26), (3, 34)}(mod (—, 39)) UR, 6
{(0,0), (1, 31), (2, 38)}(mod (—, 39)) URs; {(0,0), (1, 24), (3, 15)}(mod (—, 39)) UR, 7
{(0,0), (1, 35), (2,27)}(mod (—, 39)) URs g {(0,0), (1,27), (3,21)}(mod (—, 39)) UR, g
{(0, 0), (1, 15), (2, 20)}(mod (—, 39)) UR3 9 {(0, 0), (1, 8), (3, 14)}(mod (—, 39)) UR, g
{(07 0)7 (17 29)7 (29 1)}(m0d (_7 39)) ) R3,]0 {(Ov 0)7 (17 10)7 (33 19)}(m0d (_7 39)) ) RZ,]O
{(0,0), (1, 36), (2, 11)}(mod (—,39)) URs 11 {(0,0), (1, 28), (3, 18)}(mod (—, 39)) UR; 11
{(07 0)’ (17 21)’ (29 10)}(m0d (_v 39)) ) R3,12 {(0’ 0)7 (17 16)» (37 5)}(m0d (_v 39)) ) R2,12
{(0, 0), (1, 18), (2, 14)}(mod (—, 39)) UR3 13 {(0, 0), (1, 11), (3, 38)}(mod (—, 39)) UR; 13
{(0,0), (1, 22), (2,30)}(mod (—,39)) URs14 {(0,0), (1, 33), (3, 32)}(mod (—, 39)) UR; 14
{(07 0)’ (17 7)7 (2’ 33)}(m0d (_7 39)) U R3,15 {(0’ 0)7 (17 19)» (37 22)}(m0d (_7 39)) U R2,15
{(O’ 0)7 (17 17)9 (2’ 29)}(m0d (_7 39)) ) R3,15 {(07 O)v (17 25)9 (3’ 9)}(m0d (_7 39)) ) R2,15
{(Oa O)a (17 9)7 (27 34)}(m0d (_a 39)) U R3,17 {(Oa 0)7 (17 32)’ (33 24)}(m0d (_7 39)) U R2,17

{(0, 0), (2, 25), (3,30)}(mod (—, 39)) UR; 4 {(1,0), (2,9), (3, 1)}(mod (—, 39)) URp 1
{(0,0), (2,8), (3,35)}(mod (—, 39)) UR1 {(1,0), (2, 13), (3, 25)}(mod (—, 39)) U Ry 2
{(0, 0), (2, 15), (3, 37)}(mod (—, 39)) UR; 3 {(1,0), (2,27), (3, 12)}(mod (—, 39)) URp 3
{(0,0), (2,7), (3, 25)}(mod (—, 39)) URq 4 {(1,0), (2, 34), (3, 24)}(mod (—, 39)) URg 4
{(0,0), (2,9), (3,4)}(mod (—, 39)) UR; 5 {(1,0), (2, 33), (3, 17)}(mod (—, 39)) URg 5
{(0,0), (2, 3), (3, 10)}(mod (—, 39)) UR1 6 {(1,0), (2, 23), (3,20)}(mod (—, 39)) URg6
{(0,0), (2, 6), (3,31)}(mod (—, 39)) UR; 7 {(1,0), (2, 3), (3, 13)}(mod (—, 39)) URy 7
{(0,0), (2, 12), (3,29)}(mod (—, 39)) UR; g {(1,0), (2,4), (3,34)}(mod (—, 39)) URy s
{(0,0), (2,5), (3,8)}(mod (—,39)) URy 9 {(1,0), (2, 22), (3, 15)}(mod (—, 39)) URg 9
{(O’ 0)7 (2’ 16)9 (39 12)}(m0d (_7 39)) ) Rl,]o {(17 0)’ (27 30)9 (3’ 7)}(m0d (_7 39)) ) RO,]O
{(Oa 0)7 (2, 17)7 (39 11)}(m0d (_a 39)) ) Rl,'l'l {(17 0)5 (27 6)7 (39 21)}(m0d (_a 39)) ) RO,]]
{(07 0)7 (27 24)7 (35 28)}(m0d (_7 39)) ) R1,12 {(17 0)7 (27 24)9 (3’ 5)}(m0d (_7 39)) ) RO,]Z
{(0, 0), (2, 31), (3, 20)}(mod (—,39)) URy 13 {(1, 0), (2, 32), (3, 14)}(mod (—, 39)) U Rp. 13
{(0,0), (2,21), (3,27)}(mod (—,39)) UR; 14 {(1,0), (2, 29), (3, 16)}(mod (—, 39)) U Ry 14
{(O’ 0)7 (27 32)9 (35 7)}(m0d (_7 39)) U R1,15 {(17 0)7 (2’ 10)? (35 19)}(m0d (_7 39)) U R0,15
{(0, 0), (2, 18), (3, 26)}(mod (—,39)) URy 16 {(1,0), (2, 36), (3, 10)}(mod (—, 39)) U Ry 16
{(0,0), (2, 36), (3, 16)}(mod (—, 39)) UR; 17 {(1,0), (2, 21), (3, 32)}(mod (—, 39)) URy 17

The last both parallel classes of triples are given by U?:o R; 13 and Ufzo Ri1o. O

Example A.11. There exists a URD(I%; 204) withry = 5.

Proof. Let Z; be the group of residues modulo A. The design is constructed on X = Z, x Zs;. Take the following five parallel
classes with blocks of size four:

Pl = {(07 3)7 (1’ 2)? (2’ 1)5 (37 0)} (mOd (_7 51))
P, ={(0,0), (1,2), (2,4, (3,6)} (mod (-, 51))
P3 = {(07 6)7 (17 4)7 (2, 2)’ (37 0)} (mOd (_7 51))
P4 = {(07 0)7 (1’ 3)’ (23 6)3 (37 9)} (mOd (_7 5]))
Ps = {(0,9), (1,6), (2, 3), (3,0)} (mod (—, 51)).
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It is well known that there is an RPBD(3; 51) with 25 parallel classes. Place a copy of this design on each Zs; set. Denote
the resolution classes by R; ; where i € Z4 denotes on which copy of Zs; the parallel classis placedandj =1, ..., 25 are the
resolution classes. The parallel classes of the triples are formed as follows:

{(0,0), (1, 38), (2, 26)}(mod (—,51)) UR3 4
{(0, 0), (1, 15), (2, 37)}(mod (—, 51)) UR3
{(0,0), (1, 36), (2,42)}(mod (—,51)) UR5 3

{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),

{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),
{(0,0),

(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,
(1,

2,
(2,
2,
2,
(27
(2,
2,
2,
(2,
(2,
2,
2,
(2,
2,
(27
2,
(2,
(2,
(2,
(2,
2,
(2,
2,

8), (2,50)}(mod (—,51)) URs 4
0), (2, 13)}(mod (—,51)) UR3 5
21), (2, 36)}(mod (—, 51)) UR3 6
14), (2, 7)}(mod (—, 51)) UR3 7
5), (2, D)}(mod (—,51)) URs g
17), (2, 18)}(mod (—, 51)) UR3 g
42), (2,0)}(mod (—, 51)) UR3 10
33), (2,40)}(mod (—, 51)) UR3 11
23), (2,43)}(mod (—, 51)) UR3 12
46), (2, 25)}(mod (—, 51)) UR;3 13
10), (2, 10)}(mod (—, 51)) UR5 14
1), (2, 29)}(m0d (—, 51)) U R3,15
13), (2, 32)}(mod (—, 51)) URs3 16
19), (2, 3)}(mod (—, 51)) UR3 17
43), (2, 23)}(mod (—, 51)) URs 15
12), (2, 24)}(mod (—, 51)) UR;3 19
25), (2,46)}(mod (—, 51)) URs 50
9), (2, 35)}(m0d (—, 51)) U R3!21
26), (2, 16)}(mod (—, 51)) UR3 2
4), (2,41)}(mod (—, 51)) UR3 33

14), (3, 30)}(mod (—, 51)) UR; 4
33), (3, 7)}(mod (—,51)) UR; >
15), (3, 15)}(mod (—, 51)) UR; 3
28), (3,47)}(mod (—, 51)) URy 4
34), (3, 19)}(mod (—, 51)) UR; 5
38), (3,34)}(mod (—,51)) URy 6
9), (3, 0)}(mod (—, 51)) UR; 7
5), (3, 13)}(mod (—,51)) UR; g
30), (3, 1)}(mod (—,51)) UR; ¢
39), (3, 33)}(m0d (—, 51)) U Rl,]O
27), (3, 11)}(mod (—, 51)) U Ry 11
12), (3,39)}(mod (—, 51)) UR; 12
19), (3, 2)}(mod (—, 51)) UR; 13
8), (3, 31)}(m0d (—, 51)) U R1’]4
31), (3, 10)}(mod (—, 51)) UR; 15
20), (3, 12)}(mod (—, 51)) UR; 16
48), (3, 23)}(mod (—, 51)) UR; 17
44), (3, 14)}(mod (—, 51)) UR; 15
11), (3,43)}(mod (—, 51)) U R 19
22), (3,28)}(mod (—, 51)) URy 20
17), (3, 27)}(mod (—, 51)) U Ry 21
21), (3,49)}(mod (—, 51)) URq 2,
2), (3,40)}(mod (—,51)) URy 23

{(0,0), (1,41), (3,36)}(mod (—,51)) UR, 1
{(0, 0), (1, 47), (3, 32)}(mod (—,51)) UR; »
{(0,0), (1, 22), (3, 3)}(mod (—,51)) UR, 3

{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,
{(0,

{,
{1,
{(,
{(,
{a,
{(,
{(,
{,
{(,
{(,
{,
{,
{(,
{(,
{a,
{(,
{,
{,
{,
{(,
{1,
{,
{,

0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),

0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),
0),

(1, 39), (3,38)}(mod (—,51)) URy 4
(1, 45), (3,22)}(mod (—,51)) URy 5
(1, 18), (3, 26)}(mod (—, 51)) URy 6
(1, 29), (3, 17)}(mod (—, 51)) UR, 7
(1, 34), (3, 16)}(mod (—, 51)) URy 5
(1,31), (3,21)}(mod (—, 51)) URy o
(1, 28), (3,4)}(mod (—, 51)) UR; 10
(1, 30), (3,50)}(mod (—,51)) UR; 11
(1,37), (3,46)}(mod (—, 51)) UR; 12
(1,7), (3, 20)}(mod (—, 51)) UR; 13
(1, 16), (3, 8)}(mod (—, 51)) URy 14
(1,11), (3,41 }(mod (—, 51)) URy 15
(1, 24), (3, 25)}(mod (—, 51)) URy 16
(1, 6), (3, 29)}(mod (—, 51)) UR; 17
(1, 32), (3,37)}(mod (—, 51)) URy 18
(1,27), (3,44)}(mod (—, 51)) URy 19
(1, 35), (3,24)}(mod (—, 51)) URy 20
(1, 40), (3, 5)}(mod (—, 51)) UR; »;
(1, 44), (3, 18)}(mod (—, 51)) URy 2,
(1, 20), (3, 35)}(mod (—, 51)) UR; 23

(2, 18), (3, 19)}(mod (—, 51)) URg 1
(2, 14), (3,21)}(mod (—, 51)) URgp»
(2, 16), (3, 2)}(mod (—,51)) URq 3
(2,45), (3,7)}(mod (—,51)) URg 4
(2,34), (3,24)}(mod (—, 51)) URg 5
(2,11), (3,31)}(mod (—,51)) URp 6
(2,43), (3,38)}(mod (—, 51)) URy 7
(2,5), (3, 14)}(mod (—, 51)) URy s
(2, 10), (3,34)}(mod (—,51)) URp g
(2, 25), (3, 18)}(mod (—, 51)) URg 10
(2, 38), (3,26)}(mod (—, 51)) URp 11
(2, 46), (3, 12)}(mod (—, 51)) URg 12
(2, 8), (3, 22)}(mod (—,51)) URp .13
(2,17), (3,48)}(mod (—, 51)) URg 14
(2,29), (3, 11)}(mod (—, 51)) URg 15
(2,4), (3,44)}(mod (—,51)) URgy 16
(2, 36), (3, 3)}(mod (—,51)) URg 17
(2,32), (3,10)}(mod (—, 51)) URg 15
(2, 23), (3,35)}(mod (—, 51)) URp 19
(2, 40), (3,0)}(mod (—,51)) URg 20
(2, 27), (3,42)}(mod (—, 51)) U Rg 21
(2, 24), (3,29)}(mod (—, 51)) URg 22
(2, 33), (3,37)}(mod (—, 51)) URg 23

The last both parallel classes of triples are given by Ufzo Ri 24 and U?:o Rixs. O

Example A.12. An LUGDD4(3, 4; 12),G = {{1, 2, 3,4}, {5, 6, 7, 8}, {9, 10, 11, 12}}; each row forms a parallel class:

(2711;213),(159;033),(3812;231),(4610;220),
(3811;110),(4512;011),(279;000), (1610;033),
(2811;033),(3510;132),(1712;330),(469;033),
(1511;330),(4810;312),(379;,202),(2612;01 1),
(189;301),(3612;312),(4711;202),(2510;000),
(2810;213),(4712;301),(1611;110),(359;022),
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(4511;132),(269;231),(3710;103),(1812;022),
(489;103),(2512;103),(1710;022),(3611;231),
(3611;103),(159;110),(4712;132),(2810;121),
(3712;323),(489;220),(1611;202),(2510;231),
(3612;000),(279;323),(4511;323),(1810;110),
(359;231),(2812;330),(1711;220),(4610;132),
(1512;202),(4710;000),(3811;022),(269;110),
(2612;323),(4811;011),(3510;323),(179;121),
(389;312),(1610;301),(2711;121),(4512;220),
(1812;213),(469;312),(2511;301),(3710;01 1).

Example A.13. An LUGDD4(3, 3; 12), G = {{1, 2, 3}, {4, 5, 6}, {7, 8, 9}, {10, 11, 12}}; each row forms a parallel class:

(2411;213),(1812;301),(359;220),(6710;121),
(159;011),(2410;011),(3812;220),(6711;202),
(2911;301),(347;323),(5810;213),(1612;330),
(2712;231),(148;202),(6910;330),(3511;330),
(2512;312),(1710;103),(369;231),(4811;312),
(268;330),(3410;202),(5712;033),(1911;022),
(1510;220),(3711;121),(4912;121),(268;202),
(3810;312),(257;011),(1611;213),(4912;202),
(3612;033),(2910;231),(147;000),(5811;121),
(257;132),(3411;110),(6812;312),(1910;31 2),
(4812;033),(157;323),(3611;301),(2910;103),
(2512;220),(6710;000),(1811;103),(349;000),
(3510;132),(4711;220),(1912;213),(268;011),
(358;000),(1410;330),(6912;220),(2711;033),
(5911;330),(167;033),(3810;121),(2412;301),
(148;121),(2610;121),(3712;000),(5911;21 3),
(1611;132),(5810;330),(249;103),(3712;312),
(369;110),(1512;121),(4710;132),(2811;220).

Example A.14. An LUGDD4(IA(, 3;12) withry, = 2,6 = {{1, 2,3}, {4,5,6},{7,8,9}, {10, 11, 12}}; each row forms a
parallel class:

(247;022),(3512;121),(6911;011),(1810;301),
(2512;000),(1811;103),(369;103),(4710;323),
(2411;110),(359;330),(6810;103),(1712;220),
(2510;220),(3911;110),(4812;033),(167;033),
(2912;312),(1410;231),(368;330),(56711;323),
(1510;011),(268;213),(3712;132),(4911;033),
(149;323),(2511;121),(3710;022),(6812;220),
(2811;301),(347;330),(5912;121),(1610;323),
(2611;330),(157;202),(3910;231),(4812;20 2),
(3411;132),(258;301),(6710;121),(1912;033),
(2710;000),(158;103),(3611;202),(4912;220),
(358;022),(1412;011),(6711;231),(2910;132),
(2812;231),(169;231),(3410;000),(5711;132),
(3612;000),(249;301),(1711;110),(56810;022),
(247;231),(1612;103),(3811;022),(5910;330),
(15911;313202),(26712;112011),(34810;211330),
(14811;122110),(26910;021213),(35712;221033).
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