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with v points, index one, blocks of size 3 and 5, and r3, 5 > 0, are v = 15 (mod 30). If
re > 1,thenv > k?,andr; = (v —1—4-715)/2.Forrs = 1these URDs are known as group
divisible designs. We prove that these necessary conditions are sufficient for r; = 3 except
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1. Introduction

Let v and A be positive integers and let K and M be two sets of positive integers. A group divisible design, denoted
GDD;, (K, M; v), is a triple (X, G, B), where X is a set with v elements (called points), G is a set of subsets (called groups)
of X, G partitions X, and B is a collection of subsets (called blocks) of X in such a way that:

1. |B| € K for each B € B;

2. |G| € M for each G € G;

3. |IBNG| < 1foreachB € Band G € G; and

4, each pair of elements of X from distinct groups is contained in exactly A blocks.

The notation is similar to that used in [3]. Unless otherwise stated, the element set X of a design with v points is labeled
1,2,...,v.If A = 1, the index X is omitted. If K = {k}, respectively M = {m}, then the GDD;, (K, M; v) is simply denoted
GDD; (k, M; v), respectively GDD, (K, m; v), which is also specified in “exponential” form as K — GDD, of type m*/™. A
GDD; (K, 1; v) is called a pairwise balanced design and denoted PBD; (K; v).

Theorem 1.1 ([8,9]). There exists a 4-GDD of type g*m' withm > 0if, and only if, g = m = 0 (mod 3) and 0 < m < 3g/2.

In a GDD; (K, M; v) (X, G, B), a parallel class (pc) is a set of blocks which partitions X. If B can be partitioned into parallel
classes, then the GDD, (K, M; v) is said to be resolvable and denoted RGDD, (K, M; v). Analogously, a resolvable PBD; (K; v)
is denoted RPBD;, (K; v). A parallel class is said to be uniform if it contains blocks of only one size k (k-pc). If all of the parallel
classes of an RPBD;, (K; v) (RGDD;, (K, M; v)) are uniform, the design is said to be uniformly resolvable. A uniformly resolvable
design RPBD;, (K; v) (RGDD; (K, M; v)) is denoted by URD; (K; v) (UGDD, (K, M; v)).If A = 1, the index A is omitted. In a
URD; (K; v)(UGDDy (K, M; v)) the number of uniformly resolution classes with blocks of size k, is denoted ry.

All RPBD(5; v) are known apart from four possible exceptions.
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Theorem 1.2 ([1,2]). There exists a 5-RGDD of type 5%+ for t > 1, t & {2, 17, 23, 32}.

Theorem 1.3 ([10,16]). There exists an RGDD(3, m; v) if, and only if, v = 0 (mod m), v > 3 -m, v = 0 (mod 3) and
v —m = 0 (mod 2), except when (v, m) = (6, 2), (12, 2), (18, 3).

A resolvable transversal design RTD; (k, g), is equivalent to an RGDD, (k, g; k - g). That is, each block in an RTD; (k, g)
contains a point from each group. A K-frame; is a GDD (X, G, B) with index A, in which B can be partitioned into holey
parallel classes (each of which partitions X \ G for some G € G). We use the usual exponential notation for the types of GDDs
and frames. Thus a GDD or a frame of type 1 2, . . . is one in which there are i groups of size 1, j groups of size 2, and so on.
A K-frame is said to be uniform if each partial parallel class is of only one block size. It is said to be completely uniform if for
each hole G the resolution classes which partition X \ G are all of one block size. We use only K = {3, 5}. A {3, 5}-frame;, of
type (g; 3" - 5™)¥(m; 3™ . 5™)! has u groups of size g. Each group of size g has n; holey pcs of block size 3 and n, holey
pcs of block size 5. The only group of size m has n3 holey pcs of block size 3 and n4 holey pcs of block size 5.

Theorem 1.4 ([12]). For k = 2 and k = 3 there exists a k-frame of type h" if, and only if, u > k+ 1, h = 0 (mod k — 1), and
h-(u—1) =0 (mod k).

Later on, some incomplete group divisible designs will be used. An incomplete group divisible design (IGDD) with block
sizes from a set K and index unity is a quadruple (X, G, H, B), which satisfies the following properties:

1. G = {Gq, G, ..., G,}isa partition of the set X of points into subsets called groups;

2. His a subset of X called the hole;

3. Bis a collection of subsets of X with cardinality from K, called blocks, such that a group and a block contain at most one
common point; and

4, every pair of points from distinct groups is either contained in H or occurs in a unique block but not both.

This design is denoted by IGDD(K, M;v) of type T, where M = {|G4],|Gz|,...,|Gy|} and T is the multiset
{(IGi|, |Gi " H]) : 1 <i < n}. Sometimes, “exponential” notation is used to describe the type. An IGDD(K, M; v) of type
T is said to be uniformly resolvable and denoted by UIGDD(K, M; v) of type T if its blocks can be partitioned into uniformly
parallel classes and partial uniformly parallel classes, the latter partitioning X \ H. The numbers of uniformly parallel classes
and partial uniformly parallel classes are denoted by r and r;, respectively. If |G;| = 1for 1 < i < n then the UIGDD is
called an incomplete uniformly resolvable design IURD(K; v) with a hole H.

Theorem 1.5 ([13]). For any v = 3 (mod 6) and w = 3 (mod 6) such that v > 3w there is an RIPBD(3; v) with a hole of size
w and (w — 1)/2 holey 3-pcs, that is a 3-UIGDD of type 1°~*w! with rg =(w-—1)/2

Some known results about URDs are summarized in the following. Rees introduced in [11] URDs and showed:

Theorem 1.6 ([11]). There exists a URD ({2, 3}; v) with r,, r3 > 0if, and only if,

1. v = 0 (mod 6);

2. rzzv—1—2~r3(r3: M%);and

3.1<r3< % —1;

with the two exceptions (v, r3) # (6, 2), (12, 5).

Theorem 1.7 ([4,14]). There exists a design URD ({3, 4} ; v) with ry, = 3 or 5 if, and only if, v = 0 (mod 12) except when
v =12

Theorem 1.8 (See [5] Theorems 1.1 and 3.6). The necessary conditions for the existence of a URD({3, 5} ; v) with r3, rs > 0 are:

1. v = 15 (mod 30);
2. if rp. > 1, thenv > k?; and

_ v7172~r3 _ v7174~r5
3. I's = 7z <r3 = T)

The third condition means that if r3 is given, then rs is determined, and vice versa. The only known result with rs > O is a
special case of Theorem 1.3. We take the groups as an additional parallel class to get the URD.

Theorem 1.9. There exists a 3 - RGDD of type 5"V n > 0; and also a URD ({3, 5} ; v) withrs = 1 forallv = 15 (mod 30).

In the next section labeled resolvable designs are introduced. We construct some new labeled uniformly resolvable designs
which will be used as ingredients for our main recursive constructions in Section 3. The results will be given in the last two
sections.
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2. Labeled resolvable designs and direct constructions

The concept of labeled resolvable designs is needed in order to get direct constructions for resolvable designs. This
concept was introduced by Shen [15,17,16].

Let (X, B) be a (U)GDD, (K, M; v) where X = {ay, a, ..., a,} is totally ordered with orderinga; < a, < --- < a,. For
each block B = {x1, X2, ..., X}, k € K, it is supposed that x; < x, < --- < Xi. Let Z; be the group of residues modulo A.

k
letyp : B — Zx2> be a mapping where for each B = {x1,x5,...,%} € B,k € K, ¢(B) = (o(x1,X2), ..., (X1, Xx),
(X2, %3), ..., (X2, X), (X3, Xa), ..., @K1, Xk)), @(Xi, %) € Zyfor1 <i<j<k
A (U)GDD, (K, M; v) is said to be a labeled (uniform resolvable) group divisible design, denoted L(U)GDD, (K, M; v), if there
exists a mapping ¢ such that:

1. For each pair {x, y} C X with x < y, contained in the blocks By, B,, ..., By, then ¢;(x, y) = ¢j(x, y) if, and only if, i = j
where the subscripts i and j denote the blocks to which the pair belongs, for 1 <i,j < X; and
2. For each block B = {x1, X3, ..., Xk}, k € K, o(Xr, X5) + @ (X5, X¢) = @ (X, %) (mod A),for1 <r <s<t <k

Its blocks will be denoted in the following form:

(X1X2 - X (X1, X2) - - (X1, X))@ (X2, X3) - - - (X2, X)) 9(X3, X4) - - - @(Xk—1, Xk)), Kk € K.

The above definition was first used in [14] and is a little bit more general than the definition by Shen [16] with K = {k} or
Shen and Wang [17] for transversal designs. As a special case of type 17, a labeled URD;, (K; v), is denoted by LURD; (K; v).
A labeled K-frame of type T and index A is denoted K-LF; of type T.

The following designs were constructed by a computer.

Example 2.1. The following is an example of an LURD3 ({3, 5} ; 15) with rs = 2, where each row forms a uniformly parallel
class:

(6713;011),(1311;102),(121415;220),(258;220),(4910;212),

(6714;212),(5911;022),(81315;102),(3412;212),(1210;201),
(71014;212),(2411;220),(3512;000),(91315;220),(168;022),
(1413;212),(6810;022),(51415;022),(2912;201),(3711;011),
(145;121),(2313;110),(101114;212),(679;102),(81215;110),
(1910;011),(4614;000),(358;102),(2715;212),(111213;220),
(101315;011),(6911;121),(357;220),(1212;121),(4814;121),
(248;000),(7915;110),(3611;201),(51012;220),(11314;01 1),
(7813;220),(259;102),(11114;121),(61215;201),(3410;110),
(236;220),(489;212),(11115;212),(71214;201),(51013;12 1),
( 1115;000),
( 915;011 )
( 710;201),( )
( 1515;121),(2712;121),
( )
( )
(
(
(

(

(2

(21314;022),
268;011),(139;022),(41415;121),( 111213;102),
4611;110),(31314;220),(8910;000), ) (
147;011),(21014;000),(3913;110),(81112;220),(5615;102),
5813;102),(101115;121),(3914;011),(1612;110),(247;102),
81011;110),(3415:000),(5614;022),(7912;000),(12 13;022),
137815;2010121102),(46101213;2201012121),(2591114;0111111000),

4571113;2020101201),(1891214;0100100220),(2361015;0122122110).

(

5

(6

7 )
1710;220),(6913;201),(3814;102),(4512;01 1),
7811;000),(31012;022),(156;022),(4 ),

5

) (

(8
1

Example 2.2. An LURD; ({3, 5}; 15) with r5 = 3, where each row forms a uniformly parallel class:
3415;121),(5613;102),(8912;220),(1710;220),(21114;022),
6712;102),(101115;000),(248;022),(31314;011),(159;121),
4811;011),(1712;000),(6914;011),(2313;121),(51015;201),
2510;121),(7911;022),(134;212),(61215;220),(81314;102),

),(1713;102),(4511;000),
111213;022),(457;220),(6814;102),(1215;212),(3910;121),

(
21012;000),(3914;220),(6815;000
2
1811;212),(3715;212),(2914;212),(56 13;220),(

(

( )
( )
( )
( )
( ( )
( 41012;212),
(139;110),(4612;121),(101315;022),(7814;201),(2511;022),
(1214 15;212),(1910;000),(4513;121),(267;000),(3811;000),
(71014;121),(236;011),(4913;011),(111215;212),(158;000),
( (2 )
( ( )
( ( )
( ( )
(
(
(
(

(
51114;110),(347;000),(1615;201),(81013;102),(2912;01 1),
1210;011),(51415;011),(71113;011),(469;212),(3812;201),
6810;220),(11114;011),(5712;201),(2313;212),(4915;201),
91112;121),(356;000),(11315;121),(278;110),(41014; 110),
7891315;1100022220),(124611;1002221022),(35101214;1120012121),
14121314;2222000000),(3671011;2102210212),(258915;2011122110),
135812;0211211220),(69101113;1011200110),(2471415;1200122110).

),

) ( (1
31115;102),(579;102),(4810;102),(1614;102),(21213;20 1),

) ( ) (8

),
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Example 2.3. An LURD; ({3, 5}; 15) with r5 = 4, where each row forms a uniformly parallel class:
11314;011),(2915;000),(5811;121),(31012;201),(467;121),
3714;201),(1411;102),(6815;212),(51013;011),(2912;110),
469;022),(81314;110),(1710;102),(235;220),(111215;102),
2413;212),(5714;110),(61015;220),(3911;011),(1812;000),
2614;201),(81013;022),(1915;212),(31112;220),(457;102),
71215;110),(145;022),(2810;212),(91114;000),(3613;110),
5812;201),(4911;102),(3715;110),(1614;102),(21013;000),

)
)
)
)
)

—~ e~~~

(

(

(

(

(

(

( )

(91015;212),(1511;011),(234;000),(7 1213;000),(68 14; 102),
(489;201),(51315;201),(1712;022),(61011;011),(2314; 12 1),
(3510;212),(467;212),(91213;121),(2811;110),(11415;220),
(111214;220),(1313;212),(4810;011),(279;022),(56 15;220),
(101114;201),(2515;011),(3612;011),(789;102),(1413;220),
(41012;212),(1215;102),(56 11;000),(91314;022),(378;000),
(1271011;0222222000),(5691213;1210102212),(3481415;1220112011),
(126812;2221002022),(34111315;2002110022),(5791014;0112112011),
(13589;0111111000),(2671113;1102021212),(410121415;0021021212),
(136910;1001220011),(78111315;2122200110),(2451214;1101020201).

Example 2.4. An LURD; ({3, 5}; 15) with r5 = 5, where each row forms a uniformly parallel class:
126;000),(31314;102),(459;220),(7812;121),(101115;000),
129;121),(3411;000),(5613;220),(7815;011),(101214;01 1),
135;220),(246;011),(71415;201),(81012;102),(91113;220),
1314;022),(2415;212),(51213;212),(6810;102),(7911;201),
1515;022),(21213;121),(348;102),(6711;121),(91014;000),
1611;201),(2712;121),(3813;102),(4914;011),(51015;01 1),

) )
)
)
)

’

—

(

(

(

(

(

( . (
(1611;110),(2712;000),(3813;220),(4914;102),(51015;102),
(189;201),(21315;102),(31011;121),(4512;121),(67 14;20 1),
(1815;102),(2310;110),(41112;110),(579;011),(61314;12 1),
(
(
(
(
(
(
(

’

’

—
—~ e~~~

11112;201),(237;220),(41415;212),(5610;121),(8913;011),

11214;110),(2910;022),(357;212),(468;000),(111315;110),

1241013;2022100220),(367915;2221002022),(58111214;1102021212),
1391215;1121010102),(256814;2210021212),(47101113;0021021212),
145713;1121010102),(28111415;2022100220),(3691012;0120120121)
147810;2100211220),(2351114;0111111000),(69121315;222000101 1),
17101314;0100100220),(258911;0022022220),(3461215;2122200110).

]

The main application of the labeled designs is to blow up the point set of a given design using the following theorem, which
extends the work of [15] such that it is applicable to labeled (uniform resolvable) pairwise balanced designs.

Theorem 2.5 ([15,14]). If there exists an L(U)GDD, (K, M; v) (with r,f classes of size k, for each k € K), then there exists an
(U)GDD(K, A - M; A - v), where A - M = {A - gilg; € M} (withr, = r,f classes of size k, for each k € K). If there exists a uniform
frame K-LF; of type T, then there exists a uniform K-frame of type A - T, where A - T = {X - gj|g; € T}.

Proof. Let (X, G, B) be an LRGDD, (K, M; v) where X = {ay, as, ..., a,}. Expanding each point ¢; € X A times gives

the points {a,-,o, ey Qi } i =1,...,v,in the new design. Any group with g; points becomes a new group with A - g;
points. Each labeled block (x1x; . ..Xk; @(X1,X2) ... (X1, Xp) @ (X2, X3) . .. (X2, X))@ (X3, X4) . . . (Xk—1, Xx)), k € K, gives A
new blocks {xu, X2 jre(x1.x0)> - -+ ’Xk,jw(x],xm}v ke K,j=0,...,(A— 1) with indices calculated mod (A) and all blocks

taken together consist of different points. Therefore, each (holey) uniformly parallel class of the labeled design with blocks
of size k gives a (holey) parallel class of the expanded design with blocks of the same size k. Since a frame consists of holey
parallel classes, it can be expanded, too. For each pair {x, y} C X with x < y from different groups, let By, B, ..., B;be the
A blocks containing {x, y} and let ¢;(x, y) be the values of ¢ (x, y) corresponding to B;, 1 < i < A. Due to the first condition
all pairs {xj,iji(x,y)}, i=1,...,1j=0,..., (A — 1), withindices calculated mod (1), are different. O

A special case for URDs is shown in the following.

Corollary 2.6. If there exists an LURD; (K; v) with r,ﬁ classes of size k, for each k € K, then there exists a URD(K U {A}; A - v)
withr, = ry when k # A, and r, = rf + 1, where we take ry = 0if A & K.

Lemma 2.7. AURD ({3, 5}; 45) withrs = 2, 3, 4, 5 exists.

Proof. The designs LURD3({3, 5} ; 15) with r5 = 2, 3, 4, 5 are given in Examples 2.1-2.4. Therefore, the assertion follows
by Corollary 2.6. O
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Example 2.8. A uniform labeled frame {3, 5} -LFs of type (1; 3%)°(2; 5*)', G = {{1}, {2}, {3}, {4}, {5}, {6, 7}}; each row
forms a holey uniformly parallel class:
(456;154),(237;143),

(347;105),(256;011),
(356;512),(247;011),
(157;325),(346;220),
(356;105),(147;550),
(136;435),(457;523),
(257;534),(146;011),
(247;204),(156;550),
(126;022),(457;231),
(357;242),(126;204),
(236;534),(157;440),
(256;303),(137;231),
(246;154),(137;105),
(346;033),(127;512),
(146;242),(237;352),
(12345;4030252303),
(12345;3311044440),
(12345;1542431534).

Lemma 2.9. There exists a {3, 5}-frame of type (6; 3*)°(12; 5°).

Proof. Auniform {3, 5} -LFs of type (1; 3%)°(2; 53)! is given in Example 2.8. Therefore, the assertion follows by Theorem 2.5.
O

3. Recursive constructions and first results

We now describe some constructions which we will use later. Filling groups and holes with PBDs or GDDs is known as
basic construction [6,7]. Here, groups and holes are filled with URDs to get new URDs.

Construction 3.1 (Breaking up Groups). Suppose there exists an RGDD(k+, g;i - g) and a URD ({kq, k»}; g) with r,, = }j,

then there exists a URD ({k1, k,} ;i - g) withr,, = jand an IURD ({k, k»} ; i - g) with a hole of size g, ry, = (=Dg k1-pcs,

. k]*]
ey = g_ﬁ# holey (or partial) ki-pcs, ry, =0 ky-pcs and Moy =1 holey ky-pcs.

Proof. Fill all groups of the RGDD with the URD to obtain the URD. Leave only one group empty to get the [IURD. O

Construction 3.2 (Generalized Frame Construction). Suppose there is a ky-frame of type T = {t;:i=1,...,n}, ie v =

>, ti. Ifthere exists an IURD ({ki, k2} ; t; + s) with a hole of size's, ry, = kl[—L] o, = S_]_k(lk#l’ N, = 0andry = j,fori=
n—1, .

1,...,n—1,thenthereexists an IURD ({kq, k;} ; v + s) with a hole of size t,+s, 1, = % r;’] = klt"_l —1—5_1_,((]"—3;1)']2, e, =0

th s—1—(ko—1)-jo
k]—] k]—]

and r,jz = Jjo. If there exists a URD ({kq, k»}; t, + ) with 1, = j, and therefore r,, = , then a

URD ({k1, k2} ; v + 5) with 1, = j» exists.

Proof. First, fill all holes, up to the last one with IURDs. This gives the IURD. The hole of the frame with size t; has k]t—i]krpcs,
which can be extended with the k;-pcs from the IURD. The holey pcs from all this [IURDs combine to holey pcs of the new
IURD ({k4, k2} ; v 4 s) with a hole of size t; + s. These are j, holey k,-pcs and S_l_k(]k—fl_])'jzl holey kq-pcs. k]"l] holey k{-pcs
are from the hole of size t, of the frame. Filling the last hole with the URD ({ks, k,} ; t, + s) with ry, = j, results in the
URD ({kq, ky} ; v + s) with Tk, =j,. O

Remark. If in Construction 3.2 all IURDs derive from Construction 3.1 with r,fz = j, and if the given URD has r, = j,, then
all additional conditions in Construction 3.2 are fulfilled. In this paper, almost all IURDs derive from Construction 3.1.

Construction 3.3 (Weighting [6]). Let (X, G, B) be a GDD, and let w : X — Z™ U 0 be a weight function on X. Suppose that for
each block B € B, there exists a K-frame of type {w(X) : x € B}. Then there is a K-frame of type {erci w(x) : G € G}.

Construction 3.4 (Tripling [4]). If there exists a uniform K-frame of type g;’ '... gl and for each k € K there exists an RTD(3, k)
(i.e. there are no blocks of size 2 or 6), then a uniform {{3} U K}-frame of type (3g1)"1 - - - (3g;s)" exists.
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Proof. Expand each point of the K-frame three times. Place an RTD(3, k) on each expanded block of a block of size k in such
a way that one parallel class of blocks of size 3 is the expansion of each point. Remove this parallel class to obtain the design.
O

Please note that for k £ 3 the number of parallel classes with blocks of size k is the same in both frames. Now, a Wilson
type construction is shown, where each point of a master design is expanded and the resulting large blocks are filled with
so-called ingredient designs.

Theorem 3.5. There exists a URD ({3,5};60 -t + 15) withrs <5-t+ 1fort > 1, t &€ {2, 17, 23, 32}.

Proof. By Theorem 1.2 we can take as a master design an RPBD(5; 20 - t + 5) fort > 1,t & {2, 17, 23, 32}, which has
5.t 4+ 1 parallel classes. Expand all points of this master design three times. By Theorem 1.3 there exists an RGDD(3, 3; 15),
which is our first ingredient design. There exists a URD ({3, 5} ; 15) with r5 = 1 by Theorem 1.9. We take one parallel class
of blocks of size 3 (3-pc) as groups and get an RGDD({3, 5}, 3; 15) withrs = 1 as the second ingredient design. All blocks of
any parallel class have to be filled with the same ingredient design. Therefore, each parallel class expands in a way so that
several uniform parallel classes are created. Each 5-pc of the master design results in zero or one new 5-pc, therefore it is
rs < 5-t + 1. Lastly all expanded points form a 3-pc. O

Theorem 3.6. If there exists a URD ({3, 5} ; vg) withr; > 0, r5 = m > 0, then there exists a URD ({3, 5} ; v) withrs = m, and
an IURD ({3, 5} ; v) withr{ = m and a hole of size vy, for all v = vy (mod (2 - vg)), v > 3 - vo.

Proof. Since there exists a URD ({3, 5} ; vg) withr;3 > 0,15 = m > 0, itis vy = 15 (mod 30) by Theorem 1.8. Therefore,
there exists a 3-RGDD of type v forn = 1 (mod 2), n > 3 by Theorem 1.3. Filling the groups by the above URD ({3, 5} ; vo)
with r5 = m, results in the desired URD. Without filling one group, we get the [URD. O

Corollary 3.7. There exist a URD ({3, 5} ; v) withrs = 2, 3,4, 5, and an IURD ({3, 5} ; v) withry = 2, 3, 4, 5 and a hole of size
45, for all v = 45 (mod 90), v > 135.

Proof. A URD ({3, 5} ; 45) with r; = 2, 3, 4, 5 exists by Lemma 2.7. Therefore, the assertion follows by Theorem 3.6. O

Corollary 3.8. There exist a URD ({3, 5} ; v) withrs = 2, 3,4, 5, and an IURD ({3, 5} ; v) withr = 2, 3, 4, 5 and a hole of size
75, for allv = 75 (mod 150), v > 225.

Proof. A URD ({3, 5} ; 75) with rs = 2, 3, 4, 5 exists by Theorem 3.5. Therefore, the assertion follows by Theorem 3.6. O

The following frame results are based on ideas, which in [4] are developed for URD({3, 4} ; v) withry = 3.

Lemma 3.9. There exists a {5, 6}-GDD of type 5%*'u', 0 <u <5-¢, forallt > 1,t & {2, 17, 23, 32}.

Proof. There existsa 5-RGDD of type 5%* 1 fort > 1, t ¢ {2, 17, 23, 32} with 5¢ parallel classes by Theorem 1.2. Completing
u parallel classes, results in the desired design. O

Lemma 3.10. There exists a {3, 5}-frame of type (6; 3%)>(12; 3451)1.

Proof. It is well known that a TD(4, 5) exists, therefore also an RTD(3, 5) and that is equivalent to a 3-RGDD of type 5°.
Deleting one point results in a {3, 5}-frame of type (2; 3')(4; 5')!. Construction 3.4 makes the desired frame. O

Lemma 3.11. There exists a {3, 5}-frame of type (30; 3¥)%+1(6u + 6r;3%*'5") for 0 < r < u < 5t,t > 1, t ¢
(2,17, 23, 32).

Proof. Take the {5, 6}-GDD of type 5%*1u! from Lemma 3.9. Assign r points from the group of size u weight 12 and assign
all other points weight 6. There exist a 3-frame of type 6> and a 3-frame of type 6° by Theorem 1.4. By Lemma 3.10 there
exists a {3, 5}-frame of type (6; 3%)°(12; 3*5')!. Take these frames in the weighting Construction 3.3 to get the result. O

Theorem 3.12. If there exists a uniform {3, 5}-frame of type (g1; 3%1)5(g2; 3%5@1 and w = 3 (mod 6) is such that
g1+ w =3 (mod6),2 - w < gy, then there exists an IURD({3, 5} ; g1 - s + & + w) with a hole of size g, + w, e =71,15 =0
and r; = qu If there exists a URD({3, 5}; g, + w) with r5 = r, and therefore r; = g2+“’+]_4'r, then there exists a
URD({3,5}; g1 -s+ g + w) withrs =r.

Proof. First, add w infinite points on the frame. Then, fill each group G of size g; together with the w infinite points with
the resolvable incomplete design RIPBD(3; g1 + w) with a hole of size w and r; = (w — 1)/2, which exists by Theorem 1.5,
in such a way that the hole is filled with the infinite points. Each such group G has g;/2 frame-3-pcs, which can be extended
with the g /2 parallel classes of the RIPBD(3; g; + w) with a hole of size w. All (w — 1) /2 holy 3-pcs are left over. The result
is the IURD. The group G, of size g, together with the w infinite points will be filled with the URD({3, 5} ; g, + w) with
rs =randr; = w. The (g, — 4r)/2 frame-3-pcs and also the r frame-5-pcs can be extended with pcs from the
given URD. There remain (w — 1)/2 parallel classes of size 3 of the given URD. These join with the 3-pcs of the other groups
to (w — 1)/2 additional 3-pcs of the new URD. O



E. Schuster / Discrete Mathematics 309 (2009) 4435-4442 4441

4. Results for URDs with exactly 3 parallel classes with blocks of size 5

We use the frame in Lemma 2.9 to construct an IURD and with it the URDs.
Lemma 4.1. There exists an IURD ({3, 5} ; 30 + 15) with a hole of size 15,13 = 15,15 = 0,15 = 1,12 = 3.

Proof. Take the {3, 5} -frame of type (6; 3%)°(12; 5°)! from Lemma 2.9. Adjoin 3 infinite points to the frame and fill all
groups of size 6 with a 3-RGDD of type 33, where the infinite points form one group. The 3 pcs of the RGDD extend the 3
holey pcs of the frame, therefore is r3 = 15. Together all groups of the above RGDDs become one holey 3-pc, i.e.r; = 1.The
group of size 12 of the frame and the infinite points give the hole of size 15andry = 3. O

Theorem 4.2. There exists a URD ({3, 5} ; v) withrs = 3if, and only if, v = 15 (mod 30) except for v = 15, and except possibly
for v =105.

Proof (Use of Construction 3.2). Adjoin 15 infinite points to a 3-frame of type 30", n > 4 (Theorem 1.4) and fill all groups
except one group together with the infinite points with an IURD ({3, 5} ; 45) with r{ = 3 and a hole of size 15, which is
given in Lemma 4.1, where the infinite points form the hole. For each group the 15 3-pcs from the frame can be extended
with the 15 3-pcs from the IURD. This gives an IURD ({3, 5} ; 30 - n + 15) with a hole of size 45,13 = 15- (n — 1), 15 = 0,
r; = 1, r¢ = 3. Fill the last group together with the infinite points with a URD ({3, 5} ; 45) with s = 3 and r3 = 16, which
is given in Lemma 2.7. The 16 3-pcs from the URD complete all 15 3-pcs from the group of the frame and the only holy 3-pc
from the IURD resulting in a URD({3, 5} ; 30-n+ 15) withrs = 3. AURD({3, 5} ; 75) withrs = 3 is provided in Theorem 3.5.
A URD ({3, 5}; 15) with r5 = 3 cannot exist by the second necessary condition in Theorem 1.8. O

5. Results for URDs with exactly 2, 4 or 5 parallel classes with blocks of size 5

In this section all results are given for rs = 2, 4, 5 at the same time. All values, which are different for this values are
written down separated with commas, for instance u = 8, 6, 5 in the proof of Lemma 5.3. The results are given for the four
residue classes 15, 45, 75, 105 modulo 120, whereas 15 and 75 are given as 15 modulo 60.

Lemma 5.1. There exists a URD ({3, 5} ; v) withrs = 2, 4, 5 for all v = 15 (mod 60) except for v = 15.

Proof. By Theorem 3.5 there exists a URD ({3,5};60-t + 15) withrs = 2,4,5fort > 1,t & {2,17,23,32}. For
v € {135, 1035, 1395, 1935} there exists a URD ({3, 5} ; v) with rs = 2, 4, 5 by Corollary 3.7. By the second necessary
condition in Theorem 1.8 a URD ({3, 5} ; 15) withrs = 2, 4, 5 cannot exist. O

Lemma 5.2. There exists a URD ({3, 5} ; v) withrs = 2, 4, 5 for all v = 45 (mod 120) except possibly when v € {165, 285}.

Proof. By Corollary 3.7 there exists a URD({3, 5}; 135) withrs = 2,4,5.Letw = 15,g; = 30,s = 4t + 1, g, = 120,
u = 18, 16, 15. Use this design, Lemma 3.11 and Theorem 3.12 to get a URD ({3, 5}; 30 - (4t + 1) + 135) withrs = 2,4,5
fort > 4,4,3,t ¢ {2,17,23,32}. For v € {405, 2205, 2925, 4005} there exists a URD ({3, 5}; v) with r; = 2,4,5 by
Corollary 3.7. There exists a URD ({3, 5} ; 45) with rs = 2,4, 5 by Lemma 2.7. AURD ({3, 5} ; 525) with rs = 2, 4, 5 exists
by Corollary 3.8. O

Lemma 5.3. There exists a URD ({3,5};v) withrs = 2,4,5 forall v = 105 (mod 120) except possibly when v €
{105, 345, 2145, 2865, 3945}. Also, there exists an IURD ({3, 5} ; 465) withr; = 2, 4, 5 and a hole of size 75.

Proof. Let w = 15,g; = 30,s = 4t + 1,2, = 60,u = 8,6, 5. Use a URD ({3, 5} ; 75) with rs = 2, 4, 5 (see Theorem 3.5),
Lemma 3.11and Theorem 3.12 gettinga URD ({3, 5} ; 30 - (4t 4+ 1) + 75) withrs = 2,4, 5fort > 3,3, 1,t & {2, 17, 23, 32}.
A URD ({3, 5}; 225) is given in Corollary 3.7. Without filling the hole of size g, of the frame, we get IURDs. Particularly for
t =3 anIURD ({3, 5} ; 465) withr? = 2, 4, 5 and a hole of size g, + w = 75 is obtained. O

Now, 3 from the undecided cases of Lemma 5.3 will be constructed with GDDs.

Lemma 5.4. There exists a URD ({3, 5} ; 2145) withrs = 2, 4, 5.

Proof. Take a 4-GDD of type 39451, which exists by Theorem 1.1. Apply Construction 3.3 with weight 10 and 3-frames of
type 10%, which exists by Theorem 1.4. The result is a 3-frame of type 390* - 510". Take the IURD ({3, 5} ; 390 + 75) with
rs = 2,4, 5 and a hole of size 75, which is given in Lemma 5.3. Adjoin 75 infinite points to the frame and fill all groups of
size 390 with this IURD, where the infinite points form the hole. Fill the group of size 510 together with the infinite points
with a URD ({3, 5} ; 585) with rs = 2, 4, 5, which is also given in Lemma 5.3. This results in the required design. O

Lemma 5.5. There exists a URD ({3, 5} ; 2865) withrs = 2, 4, 5.

Proof. Take a 4-GDD of type 60%39', which exists by Theorem 1.1. Apply Construction 3.3 with weight 10 and 3-frames
of type 10%, which exists by Theorem 1.4. The result is a 3-frame of type 600* - 390'. By Corollary 3.8 there exists an
IURD ({3, 5} ; 600 4 75) with rs = 2, 4,5 and a hole of size 75. Adjoin 75 infinite points to the frame and fill all groups
of size 600 with this I[URD, where the infinite points form the hole. Fill the group of size 390 together with the infinite points
with a URD ({3, 5} ; 465) with rs = 2, 4, 5, which is given in Lemma 5.3. This results in the required design. O
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Lemma 5.6. There exists a URD ({3, 5} ; 3945) withrs = 2, 4, 5.

Proof. Take the 4-GDD of type 81466, which exists by Theorem 1.1. Apply Construction 3.3 with weight 10 and 3-frames
of type 10%, which exists by Theorem 1.4. The result is a 3-frame of type 810 - 660'. By Corollary 3.7 there exists an
IURD ({3, 5} ; 810 + 45) withrs = 2, 4, 5 and a hole of size 45. Adjoin 45 infinite points to the above frame and fill all groups
of size 810 with this I[URD, where the infinite points form the hole. Fill the group of size 660 together with the infinite points
with a URD ({3, 5} ; 705) with rs = 2, 4, 5, which is given in Lemma 5.3. This results in the required design. O

All lemmas and theorems of the preceding two sections give our main theorem:

Theorem 5.7. There exists a URD ({3, 5} ; v) withrs = 2, 3,4, 5 if, and only if, v = 15 (mod 30) except v = 15, and except
possibly

v=105 forrs =3,
v € {105, 165, 285, 345} forrs = 2,4,5.
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